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Abstract: The supersymmetric solutions of A/" = 2, Z) = 4 minimal ungauged and 
gauged supergravity are classified according to the fraction of preserved supersymmetry 
using spinorial geometry techniques. Subject to a reasonable assumption in the 1/2- 
supersymmetric time-like case of the gauged theory, we derive the complete form of all 
supersymmetric solutions. This includes a number of new 1/4- and 1/2-supersymmetric 
possibilities, like gravitational waves on bubbles of nothing in AdS4. 
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1. Introduction 

Throughout the history of string and M-theory an important part in many develop- 
ments in the subject has been played by supersymmetric solutions of supergravity, 
i.e. by backgrounds which admit a number of Killing spinors e which are parallel with 
respect to the supercovariant derivative^: D^e = 0. Due to their ubiquitous role it has 
long been realised that it would be advantageous to have classifications of all super- 
symmetric solutions of a given theory. 

For purely gravitational backgrounds the supersymmetric possibilities follow from 
the Berger classification of the possible Riemannian holonomies [1] (see [2, 3] for an 
extension to the Lorentzian case). However, in the presence of additional force fields 
(carried by e. g. scalars, gauge potentials or a cosmological constant) it has proven very 
difficult to obtain knowledge of all supersymmetric possibilities. 

The reason for the complication in the presence of additional fields lies in the 
holonomy of the supercurvature i?^,^ = Dy^D^y For purely gravitational backgrounds 
the holonomy of the supercurvature is generically given hy H = Spin((i — 1, 1) in c? 
dimensions, and hence coincides with the Lorentz group. In such cases the Lorentz 
gauge freedom allows one to choose constant Killing spinors. Another simplification is 
that if there is one Killing spinor with a specific stability subgroup, i.e. it is invariant 
under some Lorentz subgroup, all other spinors with the same stability subgroup are 
Killing as well. 

For more general solutions including fields other than gravity, the holonomy is 
generically extended to a larger group H D Spin((i — 1, 1). For example, in the present 
paper we consider gauged minimal four- dimensional M = 2 supergravity, which has 
H = GL(4,C) [4]. In such cases one cannot choose constant Killing spinors nor are all 
spinors with the same stability subgroup automatically Killing. For these reasons the 

^For the purpose of this discussion we will ignore possible additional Killing spinor equations coming 
from the variation of dilatinos and gauginos. 
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classification of tlie backgrounds tliat allow for Killing spinors is more convoluted, or 
richer, in such cases. For a long time the only classification available was in ungauged 
minimal four-dimensional M — 2 supergravity [5,6], which has H — SL(2,E[). 

A new impulse was given to the subject with the introduction of G-structures and 
the method of spinor bilinears to solve the Killing spinor equations [7] . In this approach, 
space-time forms are constructed as bilinears from a Killing spinor and one analyses 
the constraints that these forms imply for the background. Using this framework, a 
number of complete classifications [8-10] and many partial results (see e.g. [11-21] for 
an incomplete list) have been obtained. By complete we mean that the most general so- 
lutions for all possible fractions of supersymmetry have been obtained, while for partial 
classifications this is only available for some fractions. Note that the complete classi- 
fications mentioned above involve theories with eight supercharges and H — SL(2,]HI), 
and allow for either half- or maximally supersymmetric solutions. 

An approach which exploits the linearity of the Killing spinors has been proposed 
[22] under the name of spinorial geometry. Its basic ingredients are an explicit oscillator 
basis for the spinors in terms of forms and the use of the gauge symmetry to transform 
them to a preferred representative of their orbit. In this way one can construct a 
linear system for the background fields from any (set of) Killing spinor(s) [23]. This 
method has proven fruitful in e.g. the challenging case of IIB supergravity [24-26]. 
In addition, it has been adjusted to impose 'near-maximal' supersymmetry and thus 
has been used to rule out certain large fractions of supersymmetry [27-30]. Finally, a 
complete classification for type I supergravity in ten dimensions has been obtained [32] . 

In the present paper we would like to address the classification of supersymmetric 
solutions in four-dimensional minimal H — 2 supergravity. As will also be reviewed in 
section 2, the ungauged case has been classified completely [5,6]. For the gauged case, 
the discussion of 1/4 supersymmetry splits up in a time-like and a light-like class (de- 
pending on the causal nature of the Killing vector associated to the Killing spinor). The 
time-like class is completely specified by a single complex function depending on three 
spatial coordinates b = b{z, w, w), subject to a second-order differential equation which 
can not be solved in general [13]. The light-like class can be given in all generality, and 
in addition its restriction to 1/2-BPS solutions has been derived [16]. Furthermore, 
there are no backgrounds with 3/4 supersymmetry [29] and AdS4 is the unique possi- 
bility with maximal supersymmetry. Therefore the remaining open question concerns 
half-supersymmetric backgrounds in the gauged theory^. 

In the following, we will first re-analyse the 1/4-supersymmetric backgrounds us- 
ing the method of spinorial geometry, and in fact find an additional possibility in the 

^The addition of external matter was considered in [31]. 
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light-like case: a half supersymmetric bubble of nothing in AdS4 and its Petrov type 
II generalization, a new 1/4 BPS configuration that has the interpretation of grav- 
itational waves propagating on the bubble of nothing. This completes the analysis 
of the null class in all its generahty. Then we will derive the constraints for half- 
supersymmetric backgrounds for the timelike class. Subject to a single assumption on 
the timc-dcpcndcnce of the second Killing spinor these will be solved in general, up to a 
second order ordinary differential equation. The assumption will be justified by solving 
the full set of conditions in a number of examples which illustrate the possible spatial 
dependence of b. All these cases turn out to have time-dependence of the assumed 
form. The different examples are: 

• the b = b{z) family of solutions, comprising part of the Reissner- Nordstrom- Taub- 
NUT-AdS4 backgrounds, 

• waves on the previous backgrounds with b — b{z, w), 

• solutions with b imaginary and their P5'L(2,M) transformed counterparts, 

• solutions of the dimensionally reduced gravitational Chern-Simons model that 
can be embedded in the equations for a timelike Killing spinor [16]. 

We determine when these backgrounds preserve 1/2 supersymmetry and provide the 
explicit Killing spinors. Moreover, in the subcases consisting of AdS4 and AdS2 xH^, the 
action of the isometrics of these backgrounds on the Killing spinors is given explicitly. 

The outline of this paper is as follows. In section 2, we discuss the orbits of Killing 
spinors and review the known classification results in the theory at hand. In section 
3, we go through the complete classification of the null class. In section 4, we discuss 
the constraints for 1/4 and 1/2 supersymmetry in the timelike class. We derive the 
time-dependence of the second Killing spinor and solve the equations for the case of 
linear time-dependence (Gq = 0). A number of examples of the 1/2 BPS timehke class 
are provided in section 5. Finally, in section 6 we present our conclusions and outlook. 
In appendix A we review our notation and conventions for spinors, while in appendix B 
the associated bilinear forms are given. Appendix C deals with the special case P' = 0, 
to be defined in section 4.4. Finally, in appendix D, we will give the details of the 
Go = case. 

2. G-invariant Killing spinors in 4D 

2.1 Orbits of Dirac spinors under the gauge group 

In order to obtain the possible orbits of Spin(3,l) in the space of Dirac spinors Ac, 
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we first consider the most general positive chirality spinor^ al + beu {a, 6 G C) and 
determine its stability subgroup. This is done by solving the infinitesimal equation 



a^'^r,rf(al + 6ei2) = . (2.1) 
First of all, notice that al + beu is in the same orbit as 1, which can be seen from 
g7ri3gVri2g5ri3ghro2 ^ _ e'^^+^^e^ cos ^/^ 1 + e'^^-^^e'' sin ■ 



This means that we can set a = 1, 6 = in ( |2.1| ), which implies then = = 0, 
= —a^^, a;°^ = a^^. The stability subgroup of 1 is thus generated by 

X = Toi - , Y = Tos + ■ (2.2) 

One easily verifies that = = XY = 0, and thus exp(/iX + uY) = 1 + /iX + uY, 
so that X, Y generate . 

Spinors of negative chirality are composed of odd forms, i.e. aei + be2- One can 
show in a similar way that they are in the same orbit as ei, and the stability subgroup 
is again M^, with the above generators X, Y. 

For definiteness and without loss of generality we will always assume that the first 
Killing spinor has a no n- vanishing positive chirality component, and use (part of) the 
Lorentz symmetry to bring this to the form 1. Hence we can write a general spinor as 
1 + aci + be2- Now act with the stability subgroup of 1 to bring aci + be2 to a special 
form: 

(1 + /iX + z/y)(l + aei + be2) = 1 + 6e2 + [a + 2b{v - i/i)]ei . 

In the case 6 = this spinor is invariant, so the representative is 1 + aei, with isotropy 
group M^. If 6 7^ 0, one can bring the spinor to the form 1 + 6e2, with isotropy group I. 
The representatives^ together with the stability subgroups are summarized in table ^ 
In the ungauged theory, we therefore can have the following G-invariant Killing 
spinors. The M^-invariant Killing spinors are spanned by 1 and ei and there can be up 
to four of these. The I-invariant Killing spinors are spanned by all four basis elements 
and there can be up to eight of these. In the first two case, the vector Va bilinear in the 
spinor e is lightlike, whereas in the last case it is timelike, see table |l|. The existence of 
a globally defined Killing spinor e, with isotropy group G G Spin(3,l), gives rise to a 
G-structure. This means that we have an M^-structure in the null case and an identity 
structure in the timelike case. 



•^Our conventions for spinors and their description in terms of forms can be found in appendix A. 

*Note the difference in form compared to the KiUing spinors of the corresponding theories in five 
and six dimensions: in six dimensions these can be chosen constant [9] while in five dimensions they 
are constant up to an overaU function [28]. In four dimensions such a choice is genericahy not possible. 
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In U(l) gauged supcrgravity, the local Spin(3,l) invariance is actually enhanced 
to Spin(3,l) X U(l). Thus, in order to obtain the stability subgroup, one determines 
the Lorentz transformations that leave a spinor invariant up to an arbitrary phase 
factor, which can then be gauged away using the additional U(l) symmetry. For the 
representative 1, one gets in this way an isotropy group generated by X,Y and 
obeying 

[ri3,x] = -2y, [r,s,Y]^2X, [x,y]^o, 

i. e. G ^ U(1)><R^ For e = 1 + aei with a 7^ 0, the stabihty subgroup R^ is not 
enhanced, whereas the I of the representative l + be2 is promoted to U(l) generated by 
= iFj,. The Lorentz transformation matrix a^^ corresponding to A = exp(i'0Fi,) e 
U(l), with AFfiA"^ = a-^B^A, has nonvanishing components 

a+_ = a_+ = 1 , a.i = e^'^ , a*. = e"^^^ . (2.3) 

Finally, notice that in U(l) gauged supergravity one can choose the function a in l + aci 
real and positive: Write a = i?exp(2i5), use 

6*^^13(1 + aei) = e'h + e^'Vi = e^'^(l + i?ei) , 



and gauge away the phase factor exp(i5) using the electromagnetic U(l). 



e 


G C Spin(3,l) 


G C Spin(3,l) X U(l) 


Va^D{e,Tae) 


1 


R^ 


U(l)xR^ 


(1,0,-1,0) 


1 + aei 


R^ 


R^ (a e R) 


(1 + lap, 0,-1- |ap,0) 


l + be2 


I 


U(l) 


(1+ 6^^0,-1+ 6p,0) 



Table 1: The representatives e of the orbits of Dirac spinors and their stability subgroups G 
under the gauge groups Spin(3,l) and Spin(3,l) x U(l) in the ungauged and gauged theories, 
respectively. The number of orbits is the same in both theories, the only difference lies in the 
stability subgroups and the fact that a is real in the gauged theory. In the last column we 
give the vectors constructed from the spinors. 

In the gauged theory the classification of G-invariant spinors is therefore slightly 
more complicated. There can be at most two U(l) xR^-invariant Killing spinors, 
spanned by 1. The four R^-invariant spinors are spanned by 1 and ei. Then there 
are the U(l)-invariant spinors, spanned by 1 and €2- Finally, for generic enough Killing 
spinors, one does not fall in any of the above classes and the common stability subgroup 
is I. Note that in the gauged theory the presence of G-invariant Killing spinors will 
in general not lead to a G-structure on the manifold but to stronger conditions. The 
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structure group is in fact reduced to the intersection of G with Spin(3,l), and hence is 
equal to the stabihty subgroup in the ungauged theory. 

We will now consider the possible super symmetric solutions to the equation D^e = 
in various sectors of A/" = 2, D = 4 in terms of the stability subgroup G of the Killing 
spinors. 

2.2 The ungauged theory 

The supercovariant derivative of ungauged minimal M = 2 supergravity in four dimen- 
sions reads 

D, = d^ + {uo^^Tab + \TabT-'T^ . (2.4) 

As mentioned in the introduction, a first point to notice is that there is no complex 
conjugation on the Killing spinor. Therefore, the number of supersymmetries that are 
preserved is always even: if e is Killing, then so is ie. 

First consider purely gravitational solutions with JF = 0. In this case the superco- 
variant connection truncates to the Levi-Civita connection and has Spin(3,l) holonomy. 
This implies the following. If e is Killing, then so are^ Ts^e and roi2*e (where * denotes 
complex conjugation). Together, the operations i, V^* and roi2* generate four linearly 
independent Killing spinors from any null spinor e = 1 or e = l + aci and eight from any 
time-like spinor e = 1 + he2- This illustrates the general statement in the introduction: 
if the gauge group equals the holonomy, as in this case, then there is only one possible 
number of Killing spinors for every stability subgroup. Therefore there are only two 
classes of supersymmetric solutions, which are listed in table H, and which consist of 
the gravitational wave and Minkowski space-time, respectively. 



G= \N = 


4 


8 




V 


X 


I 


X 





Table 2: Gravitational solutions with G- invariant Killing spinors in the ungauged theory. 

Now let us also allow for fiuxes JF. The supercovariant connection no longer equals 
the Levi-Civita connection due to the fiux term. In particular, this implies that roi2* no 
longer commutes with L)^. However, this does still hold for the other operation: Fa * e 
is Killing provided e is. The combined operations of i and F3* generate four linearly 

^These operations anti-commute and commute with the F-matrices, respectively. 
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independent spinors from any null or time-like spinor. Thus the number of supersym- 
metries is always N = 4p, as illustrated in table |^. Indeed the generalised holonomy of 
the supercovariant connection in the ungauged case is SL(2,EI) [4], consistent with the 
supersymmetries coming in quadruplets. 



G= \N = 


4 


8 




V 


X 


I 


V 





Table 3: General solutions with G-invariant Killing spinors in the ungauged theory. 

The half-supersymmetric solution have been classified by Tod [5] and consist of the 
plane wave and the Israel- Wilson- Perjes metric, respectively. The maximally supersym- 
metric solutions are AdS2 x and its Penrose limits, the Hpp wave and Minkowski 
space-time [6]. 

2.3 The gauged theory 

The supercovariant derivative of gauged minimal Af = 2 supergravity in four dimensions 
reads 

D, = d, + \ufr,, - ir'A^ + \r^T^ + i^F^bP^T^ . (2.5) 

Due to the gauging the structure of F-matrices is richer, but there still is no complex 
conjugation on the Killing spinor. Therefore, the number of supersymmetries that are 
preserved is always even: if e is Killing, then so is ie. 

Again, we first consider the purely gravitational solutions. In this case the super- 
covariant derivative has SO(3,2) holonomy. The operation roi2* commutes with 
and therefore generates additional Killing spinors. Together, the operations i and roi2* 
generate four linearly independent Killing spinors from generic null or time-like spinors. 
The exception is the null spinor e = 1 + ei, in which case e and roi2* are linearly depen- 
dent, and hence allows for two instead of four Killing spinors. The possibilities allowed 
for by this analysis of the supercovariant derivative can be found in table 

However, although all these entries are allowed for by the spinor orbit structure 
and the crude analysis of the supercurvature above, not all of them have an actual 
field theoretic realisation in supergravity. In other words, there are no solutions to the 
Killing spinor equations for all of the above sets of Killing spinors. The lightlike cases 
were considered in [16]: The 1/4-BPS case is the Lobatchevski wave while imposing 
more supersymmetries leads to the maximally supersymmetric AdS4 solution (with 
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G= \ N = 


2 


4 


6 


8 


U(l) K 


X 


X 


X 


X 






o 


X 


X 


U(l) 


X 


o 


X 


X 


I 


X 


o 


o 





Table 4: Gravitational solutions with G-invariant Killing spinors in the gauged theory. Check 
marks indicate entries with actual solutions, while circles stand for allowed entries which are 
not realized. 

G=l). The = 4 and G = entry is thus effectively empty. In particular, this 
implies that imposing a single Killing spinor 1 + aei with a ^ 1 leads to AdS4. Also 
note that the = 6 and G = 1 entry must be empty since any time-like spinor plus 
1 + ei leads to maximal supersymmetry, while all other Killing spinors come in groups of 
four. The only remaining entries are = 4 and G = U(l) or G = I. Using the results 
of [13, 16], it is straightforward to show that in these purely gravitational timelike cases 
the geometry is given by 

ds^ = _ 2n cosh^#)2 + 4^ + {z^ + n^){de^ + sinh^ Odcj)^) , 

£2 ^2 _|_ ^2 

where n = ±i/2. But this is simply AdS4 written as a line bundle over a three- 
dimensional base manifold, so both = 4 entries are empty as well. We conclude that 
there are no 1/2-supersymmetric gravitational solutions in the gauged theory, only the 
1/4-supersymmetric Lobatchevski waves and maximally supersymmetric AdS4. 

We now come to the general supersymmetric solutions in the gauged case. Due 
to the gauging and flux terms, neither roi2* nor T^* commute with D^. Therefore 
we have the cases as listed in table ^. The supercovariant connection in the gauged 
case has generalized holonomy GL(4, C) [4], again consistent with the supersymmetries 
coming in doublets. 

The 1/4-BPS solutions with G = and G = U{1) were derived in [13], and we 
will show there is no solution with G = U(l) x M^. In addition, it was shown in [16] 
that any additional supersymmetries in the null case are always timelike, i.e. end up 
in the A^ = 4 and G = 1 entry. Again, the A^ = 4 and G = entry is empty. It 
would be interesting to see if there is a nice explanation for this. In addition, the 
maximally supersymmetric case is always AdS4. Recently, it has been shown in [29] 
that the A^ = 6 and G = 1 entry is empty as well, because imposing three complex 
Killing spinors implies that the spacetime is AdS4 and thus maximally supersymmetric. 
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G= \N 
U(l) K M 

U(l) 

I 



2 


4 


6 


8 


o 


X 


X 


X 


v/ 


o 


X 


X 






X 


X 


X 




o 





Table 5: General solutions with G-invariant Killing spinors in the gauged theory. Check 
marks indicate entries with actual solutions, while circles stand for allowed entries which are 
not realized. 



The most general 1/2-BPS solution in the timelike case remains an open issue and will 
be studied in this paper. 

2.4 Generalized holonomy 

In minimal gauged supergravity theories with eight supercharges, the generalized holon- 
omy group for vacua preserving N supersymmetries, where A?^ = 0, 2, 4, 6, 8, is GL(^y^, C) 
XyC 2 [4]. To see this, assume that there exists a Killing spinor ei. By a local 
GL(4, C) transformation, ei can be brought to the form ei = (1, 0, 0, 0)^. This is 
annihilated by matrices of the form 



A 





A 



that generate the affine group A(3, C) = GL(3, C) K C^. Now impose a second Killing 
spinor 62 = {^2-i^-2)'^ ■ Acting with the stability subgroup of ei yields 



where ^ ^ ^ A-\e^ - I) . 



We can choose A e gl(3, C) such that 6^6.2 = (1, 0, 0)^, and h such that 6° + — 0- 
This means that the stability subgroup of ei can be used to bring 62 to the form 
62 — (0, 1, 0, 0). The subgroup of A(3, C) that stabilizes also 62 consists of the matrices 

/ 1 62 h\ 

1 B12 -B13 
B22 B23 

\0 B32 ^33 J 



e GL(2,C) X 2C^ 



Finally, imposing a third KiUing spinor yields GL(1, C) x 3C as maximal generalized 
holonomy group, which is however not realized in jV = 2, D = 4 minimal gauged 
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supergravity [16,29]. It would be interesting to better understand why such preons 
actually do not exist. In section |4.3| , we explicitely compute the generalized holonomy 
group for = 2, D = A minimal gauged supergravity in the case N = 2 and show that 
it is indeed contained in A(3,C), supporting thus the classification scheme of [4]. 



3. Null representative 1 + aei 



In this section we will analyse the conditions coming from a single null Killing spinor. 
As we saw in section ^TT|, there are two orbits of such spinors, one with representative 
e = 1 and stability subgroup G = U(l)[xR^ and one with e = 1 + aei and G = M^. 
Owing to local U(l) gauge invariance, it is always possible to choose the function a real 
and positive, so in the following we set a 
become 



e^,X G The Killing spinor equations 



--i6]E' + 2iT^'E' 



UJ- + 



2iT-*E* + - - i0 E 



v/2 L 



2iT-*E* + - + i0 E 







(3.1) 



where = + T** and f2 = + uj** . 

The conditions for the special U(l) ixR^-orbit with e = 1 can be obtained as the 
singular limit x ~^ — oo of the above equations. Note however that, in this limit, the 
second line implies the constraint i~^—i(f) = 0, while the fourth line leads to = 0. 

Clearly, for i^^ ^ this does not allow for a solution. Hence, in the gauged theory, 
there are no backgrounds with \J{l)tK'K^- invariant Killing spinors. 

The only null possibility is therefore given by the M^-invariant Killing spinor e = 
1 + e^ei. We will now analyse the above conditions for the generic case with x finite. 
In fact, we will furthermore assume it is positive. This does not constitute any loss of 
generality since one can fiip the sign of x by changing chirality (a spinor 1 + e^Ci with 



X negative is gauge equivalent to a spinor ei + e*l with x = 
the resulting background will not depend on this sign. 

From the last two equations one obtains the constraints 



-X positive), and hence 



0, 



— - tanhx 



(3.2) 



- 11 - 



on the field strength, as well as 

u- = = ^ E- (3.3) 

v2£coshx 

for the spin connection. ( p.2|) implies JF"*"" = and JF" = — ^tanhx- The first two 
equations of (|3.1|) yield then 

1 

t cosh X 

a;*- = 2t sinh xHiE~ + ' "".^^^E^ , 

£ coshx 

A = -icoshxHiE' - sinhx-E^ , 

2 

dx = -2 cosh XH3E- + - sinh xE^ , (3.4) 
where E^ = {E' + E')/V2, iE^ = {E* - E')/^/2, and we defined 

;= = , ;= = iH'i . 

V2 72 

In order to proceed, we distinguish two subcases, namely dx = and dx 7^ 0. 
3.1 Constant Killing spinor, da = 

If a and hence x are constant, eqn. (p.4|) implies x = -f^s = 0. Next we impose vanishing 
torsion. The torsion two-form reads 

T- = dE- + jE^ A E- , 
T+ = dE+-E^A( uj+^ + uj+^ A E^ 



T' = dE^ + E- a{ + ^ 



= dE=^ + jE^ AE^- 0;+^ A . (3.5) 

From T~ = one gets E~ /\dE~ = 0, so by Frobenius' theorem there exist two functions 
Tj and u such that locally 

E~ = ridu . 

Plugging this into T~ = yields 

7] ( dlogT] + ^-EM a dw = , 
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so that there exists a function ^ such that 



= dr] + ^du . 

27] 

The gauge field and its field strength can now be written as 

A = -irjHidu , T = -Hidr] A du , 
and the Bianchi identity = d^ implies 



dHi + -ifidlog?7 ) A dw = . 



This means that Hirf'/'^ can depend only on 



V 

where the prefactor and the derivative were chosen in order to conform with the notation 
of [13]. Let us define a new coordinate x = — r^"^/^, so that = |dx+^dM, E~ = x~'^du 
and 

A = —xip' {u)du . (3.6) 

One can now use part of the residual gauge freedom, given by the stability subgroup 

of the null spinor 1 + aci, in order to simplify E^. To this end, consider an 
transformation with group element 

A = 1 + /iX + z/F , 

where X and Y are given in (|2.2| ). Defining a = fi + iu, this can also be written as 

A = 1 +ar+. + ar+i. (3.7) 



Given the ordering A,B = +,—,•,•, the Lorentz transformation matrix aAB corre- 
sponding to A G C Spin(3,l) reads 

/o 1 \ 

1 -4|a|2 2a 2a 
-2a 1 
-2a 1 



OAS 



(3.^ 



The transformed vielbein "E'"^ = a^sE^ is thus given by 

•^E' = E' -2aE- , ""E^ = E^ -^/2{a + a)E- 
''E' = E' - 2aE- , = E^ + y/2i{a- a) E' 



'E- 



E- 



'E' 



+ 2aE' + 2aE' - 4|apE- . 



(3.9) 
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Choosing a + a = ,^x^/a/2, we can eliminate E^, so one can set ,^ = without loss 
of generality. Note that this still leaves a residual gauge freedom associated to the 
imaginary part of a, which will be used below. 

From dT^ = we get d{uj~^^/x) A du = 0, and thus there exist two functions 
such that 

Cc;+3 = -xdf3 + ^du . 
Plugging this into = yields d{xE^ + f3du) = 0, which is solved by 

= — dy + (3du, (3.10) 

X 

where y denotes some function that we shall use as a coordinate. Using the remaining 
gauge freedom ( ^.8[ ) with Ima = — /5x^/2v^ allows to set also /5 = 0. The equation 
= tells us that u'^^ + /i = '-/du for some function 7. Using this together with 
T"*" = 0, one shows that 

d {E~ A E+) = --dx A {E- A E+) , 
which means that the surface described by E^ and E^ is integrable, so that 

E+ = e^^du + hdV , (3.11) 
for some functions Q, h, V. The metric becomes then 

ds^ = 2E-E++{E'Y+{E'Y 

= ^ (^gdu^ + ^dudV + dx' + dy'^ . (3.12) 

Finally, the equation = implies 

2 

d^h = dyh = 0, dvg = j^duh, (3.13) 

h can be eliminated by introducing a new coordinate v{u,V) with dyv = h/d' and 
shifting Q ^ Q + 2duV, which leads to 

ds^ = — {gdu'^ + 2dudv + dx' + dy') . (3.14) 

Note that, due to ( p.l3|) , Q is independent of v, therefore is a Killing vector. One 
easily verifies that it coincides with the Killing vector constructed from the Killing 
spinor as -^D(e, F^e). 
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All that remains is to impose the Maxwell and Einstein equations. One finds that 
the former are automatically satisfied by the gauge potential ( p.6|) . The same holds for 
the Einstein equations, except for the uu-component, which gives the Siklos equation 
with sources 

Ag--d,g = ~^^'iu)\ (3.15) 

This family of solutions enjoys a large group of diffeomorphisms which leave the solution 
invariant in form but change the function Q. This is the Siklos- Virasoro invariance, 
discussed in [16,33]. In conclusion, the geometry of solutions admitting the constant 
null spinor 1 + ei is given by the Lobachevski waves with metric ( 3.14|) and gauge field 



(|3.6|) , where Q satisfies (|3.15| ) and f{u) is arbitrary. This coincides exactly with the 
results of [13], where it was shown moreover that there is a second covariantly constant 
spinor iff the wave profiles Q and if have the form 

4 

go,{x,y,u) = -^ + 2ax^-a^i\x^ + y^), viu) = u , (3.16) 

up to Siklos- Virasoro transformation, with a G M constant. In this case, the solution 
does also belong to the timelike class [13]. While the a ^ solution only has the 
obvious Killing vectors and dy, the special a = case is maximally symmetric with 
a five-dimensional isometry group. 

3.2 Killing spinor with da 7^ 

If da and hence also dx do not vanish, one can use the stability subgroup of the 
spinor 1 + e^Ci to eliminate the fiuxes and JF+'. To see this, observe that under 
an transformation ( p.8|) . 



= jr+« _ tanh x , = ^" 



so by choosing a = — cothx one can achieve "JF+* = 0. Note that this would not 
be possible if x = 0. With this gauge fixing, one has 

2 1 
dx = -rsinhx^\ ^=-sinhx^^ T = -- tanhx A . (3.17) 



Next we impose vanishing torsion. Using (|3.17|) , one easily shows that T =0 leads to 



d[{e^'' -1) E-] =0, 
and therefore one can introduce a function u with 

{e^^ - 1) E- = du . (3.18) 
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Before we come to the other torsion components, let us consider the Bianchi identity 
and the Maxwell equations. The gauge field strength reads 

^ 

sinh 2x 



Requiring it to be equal to d^ implies that A/ y/tanhx is closed, so that locally 

A= Vtanhxd^. (3.19) 

Note that the functions X; ''^ and \1/ must be independent, because otherwise E'^, 
and E^ would not be linearly independent. We can thus use these three functions as 
coordinates. 
Using 

= -^tanhx^" 

i 

the Maxwell equations d*jF = imply 

d (E- A E+) + 2 A (E- AE+)=0. 

^ ^ sinh2x ^ ^ 

By Frobenius' theorem and (|3.18| ), E^ can thus be written as 

E+ = -du + hdV , 
2 

where /C, h and V are some functions, and we can use V as the remaining coordinate. 
Substituing E^ into the Maxwell equations one obtains a constraint on the function h, 



h 



32x+ 1 



A dw A dr = 



and hence 

h = ho{u,V) (e'^ + l) . 

In what follows, we define JC = IC/{e^^ + 1) and use = {uj+' + uj+*)/^/2, uj+^ = 
-uj+')/V2i. We now come to the remaining torsion components. From = 
and = one obtains respectively 

Lj+^ = AE- , a;+i = + BE' , 

I cosh X 

where A and B are some functions to be determined. Finally, = yields 

dvJC = 2d^ho , A = -l (e^^ - 1) -^^d^JC , B = l {e^^ - l) sinh xd^JC . 

2 ^ y/tanhx « 
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The line element is given by 



2E-E++{E'Y+{E'Y 
cothx (/Cdw^ + 2hodudV) + 



+ 



d^' 



4 sinh X ^inli x cosh x 



As before, one can eliminate ho by introducing a new coordinate v{u, V) with dyv 
and shifting /C — /C + 2duV, whereupon the metric becomes 



(3.20) 
ho 



ds^ = coth X (/Cdu^ + 2dudv) + 



'dx' 



+ 



d^2 



4 sinh X sinh x cosh x 



(3.21) 



Notice that, owing to (p.2CI|) , /C is independent of v, therefore is a Killing vector. 
It coincides with the Killing vector —^/2D{e, F^e) constructed from the Killing spinor. 
All that remains now is to impose Einstein's equations. One finds that they are all 
satisfied except for the uu component, which yields again a Siklos-type equation for /C, 



a|;C + 4tanhx9^/C 



cosh X 



-d^K, = , 



(3.22) 



In conclusion, the bosonic fields for a configuration admitting a null Killing spinor 
with dx 7^ are given by (|3.19|) and (|3.21| ), with /C satisfying (|3.22|) ^. As we will 
discuss in section the /C = solution is of Petrov type D and represents a bubble 
of nothing in anti-De Sitter space-time. When /C 7^ 0, the metric becomes of Petrov 
type II and the Weyl scalar signalling the presence of gravitational radiation acquires 
a non-vanishing value. Hence the general solution represents a gravitational wave on a 
bubble of nothing. To our knowledge these solutions have not featured in the literature 
before. 



3.3 Half-supersymmetric backgrounds 

In the previous subsections we have addressed the conditions for preserving one null 
Killing spinor of the form ei = 1 or ei = 1 -|- e^ei. It is natural to enquire about the 
possibility of these backgrounds admitting an additional Killing spinor with the same 
stability subgroup, i.e. of the form 62 = CqI + CiCi. Using the fact that ei is Killing, 
the second Killing spinor equation D^e2 = can then be rewritten as 

(co - ci)Df,l + d^col + d^cid = , (3.23) 

^This solution escaped a majority of the present authors in [13]. The reason for this is that 

equ. (4.32) of [13] is not correct; it must be y = 0, which yields no information on the constant 

K. Thus, in addition to the solutions with k = found in [13] (the Lobachevski waves), there are also 
the K — I solutions, which are exactly the ones found here with d^ 7^ 0. 
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in the U(l)xM^ case and 

(co - cie"^)D^l + d^col + {d^ci - cid^x)ei = , (3.24) 

in the case. Furthermore, we can assume that (cq — ci) 7^ and (cq — cie~^) 7^ in 
the two cases, respectively, since otherwise the second KiUing spinor would be linearly 
dependent on the first and there would not be any additional constraints. Hence the 62 
and ei2 components of D^l have to vanish separately. In particular, this implies that 
uj~' = (as can be seen from the third line of (|3.1|) in the singular limit x ~^ —00). 
However, this is clearly incompatible with ( p.3|) . We conclude that, in the gauged 
theory, there are no backgrounds with four M.^ -invariant Killing spinors. In other words, 
there are no half-supersymmetric backgrounds with an M^-structure. This is unlike 
the ungauged case, where the half-supersymmetric gravitational waves provide such 
solutions. 

Therefore, the only possibility to augment the supersymmetry of the null solutions 
above is to add a Killing spinor which breaks the invariance, i.e. with a non-vanishing 
62 and/or 612 component. From a linear combination of the first and second Killing 
spinor one can then always construct a time-like Killing spinor, and hence this brings 
us to the next section. For the convenience of the reader, we will already summarise 
how to restrict the 1/4-supersymmetric null solutions to allow for a time- like Killing 
spinor as well. 

For the case with constant null Killing spinors, dx = 0, the restriction was al- 
ready discussed in [13] and is given in ( p.l6|) . For the other case, with dx 7^ 0, it is 
straightforward to show that the solution (|3.19|) , (|3.21|) admits a second Killing spinor 
iff d^Q = d<^Q = 0, so that Q depends only on u. By a simple diffeomorphism one can 
then set ^ = 0. The general solution to the Killing spinor equations reads in this case 

e = Ai(l + e^e,) + ^ [e^ + e^e^ A 62) , (3.25) 

Ve^^ - 1 

where Ai^2 £ C are constants. The invariants constructed from e, as defined in appendix 
B, are 

V = v^cothx(|A2|'dt; - lAil'dw) - . f ^ (A2A1 - A2A1) d^ , 

smh 2x 

B = -V2(|Ai|2dM + \\2\^dv) + , -(A1A2 + A1A2) dx , 

V e^^ — 1 sinh x 

/ = z(AiA2 - AiA2)Vtaiihx, g = (Ai A2 + A1A2) a/ coth x • 
The norm of the Killing vector V is given by 

= - .1^ (AiA2 + AiA2)'-4|AiA2|'tanhx- 
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Since x > 0, this is negative unless Ai = or A2 = 0, so indeed the solution ( p.l9|) , 
( |3.21|) with Q = must belong also to the timelike class. It turns out that it is identical 



to the bubble of nothing of section |5.3| with imaginary b and L < 0. The coordinate 
transformation 



= artanh— — 



U 



^ = -2AH 



X 



(3.26) 



with = — 1/4L brings the metric ( p.21| ) (with ^ = 0) to (|5.6CI| ), and the field strength 
of ( |3.19| ) to (|5.61| ). Note that, in the new coordinates, the above invariants become 
V = dt as a vector, and B = dz, in agreement with section 



4. Timelike representative 1 + be2 

We will now turn to the timelike case and first recover the general 1/4-BPS solutions 
[13]. Afterwards we will study the conditions for 1/2 supersymmetry. This will complete 
the classification since we already know that no 3/4-supersymmetric solutions can arise 
and AdS4 is the unique maximally supersymmetric possibility. 

4.1 Conditions from the Killing spinor equations 

Acting with the supercovariant derivative ( p. 51) on the representative 1 + be2 yields the 
linear system 

1 i. 1 ^ i , b ib ib ^ , 

Lu^- + iV2bJ^- = tu;+ = , (4.1) 



+-u' 



- UJ 

2 



+- 



-nhA- + 



£^2 V2 V2 



1 s. 1 + 

2 - 2 - 

buj'^ + iV2r'^ 



-A- 



LU 



0, 
0, 



(4.2) 
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b i. b , 
d.b + -u': - -uj^- 


i , . 
- - fA. 




= 0, 






- i\Jlb J- 


= 0, 


b 


"71 


ib ^ , 


= 0, 








= 0, 





il rd+b 




~ 2 \ b 


b 






--b-'u'-), 




- T2''^' 


- + b-^uj'-) - 



(4.3) 



uj'.- = bujl+ = 0. (4.4) 

From eqns. ( [4.1D - ( |4.4] ) one obtains the gauge potential and the fluxes in terms of the 
spin connection and the function b, 

Furthermore, the system ( |4.1| ) - ( |4.4| ) determines almost all components of the spin 
connection (with the exception of uj") in terms of the function b and its spacetime 
derivatives, 

+_ d+b d+b d,b 

_L. _L. ^ _L. dib 9-6 a/2 

< = =°' ^ =-Wb^ = — + 

w;* = -6 d^b , ^z' = ^r* = , ^r* = + ^ ■ (4.6) 

b I 

In what follows, we assume 6 7^ 0. One easily shows that 6 = leads to i"^ = 0, so 
this case appears only in ungauged supergravity. 

4.2 Geometry of spacetime 

In order to obtain the spacetime geometry, we consider the spinor bilinears 

V, = D{e,r,e), B, = Die,r,r^e), 
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whose nonvanishing components are 

V+ = V2bb, V^ = -V2, B+ = V2bb, B_ = V2. 



As = —Abb = —B^, V is timelike and B is spacelike. Using eqns. ( ^4.1| ) - (O), it is 
straightforward to show that V is Killing and B is closed, i. e. , 

OaVb + ObVa - uj^b\aVc - uj^a\bVc = , 
c^a-Bb — ObBa — uJ^ b\aBc + a\bBc = . 

There exists thus a function z such that B = dz locally. Let us choose coordinates 
(t, X*) such that V = dt and i = 1,2. The metric will then be independent of t. Note 
also that the system (O) - (O) yields 



dtb = V2{\b\^d_ -d+)b = 0, 
so b is time-independent as well. In terms of the vierbein the metric is given 

ds"^ = + 2E'E' , (4.7) 

where 

" 2V2|6|2 ' 2^2 ■ 

From V'^ = -4|6p and = 9t as a vector we get Vt = -4|6p, so that V = -A\b\'^{dt+cr) 
as a one-form, with at = 0. Furthermore, V* = yields E* = 0, and thus 

E' = E'Jz + E'dx' . 

The component E^ can be eliminated by a diffeomorphism 

x' = x\x'\ z) , 

with 

As the matrix El is invertible^, one can always solve for dx"^ /dz. Note that the metric 
is invariant under 

t t + X{.x\ z) , a^a-dx, 



^One has det{E[) ~ — det{E^), and the latter is always nonzero. 
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where xi^^^^) denotes an arbitrary function. This second gauge freedom can be used 
to ehminate a^. Hence, without loss of generahty , we can take a = aidx\ and the 
metric ( [4 .71) becomes 



dz'' 



ds' = -A\b\'(dt + a4xT + + 2E'dx'E'dx^ 

4|5|^ -I 



(4. 



Next one has to impose vanishing torsion, 



d^E^ - d,E^ + u^^E^ - utnE^ = . 



One finds that some of these equations are aheady identically satisfied, while the re- 
maining ones yield (using the expressions (|4.6| ) for the spin connection) the constraints 



:{E:Ei-E:Ei)dMb/b) 



d,a, - d,a, = [ElE] - E^E^) [ \n{h/h) + ^ " 



1 



2h 2b 



: -2\b\'dMWb) + j- 
d,E^-d,E: = {E^E] - E]E:)uV , 



as well as 



d, + uj'; + ]-dAYi{hh)+ ^ 



2^\h 



1 1 

+ T 



= . 



(4.9) 

(4.10) 

(4.11) 
(4.12) 

(4.13) 



In ( [4. 91 ), E] denotes the inverse of E"- . In order to obtain the above equations, one has 
to make use of the inverse tetrad 



E^ = -^d, + V2\h\'d^ 
(|4.13|) can be solved to give 



£;- = -E-exp 



E_ 



1 



2^\h\ 



-dt + V2d, 



E, = Eiid, - aA) . 



- I dzu"; -— I dzlT + T 



(4.14) 



where E' is an integration constant that depends only on the coordinates . At this 
point it is convenient to use the residual U(l) gauge freedom of a combined local Lorentz 
and gauge transformation to eliminate u". This is accomplished by the transformation 
(O), with 



i; = - I dzu*; . 
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Note that ijj is real, as it must be. Defining 

1 



$ := — 



2£ 



dz[\ + \ 
b b 



we have thus 



(4.15) 



(4.16) 



Using ( f4.16| ) in ( |4.12| ), one gets for the only remaining unknown component uj" of the 
spin connection 



\b\ exp(-$) 



where a;" denotes the spin connection following from the zweibein El. 

In what follows, we shall choose the conformal gauge for the two-metric hij 
EuEl i. e. , 



(4.17) 



with ^ depending only on the coordinates x*. Furthermore, we choose an orientation 
such that 



e:e] - e]e: 



where ei2 = 1. To be concrete, we shall take 



The eqns. ( [4.9| ) and ( |4.10 ) then simplify to 



4|6|2 
i 



etjdj ln(6/6) 



Moreover, one has 



Co-. 



-e2(*+«)e,, ( Hb/b) + 



-a.ln(|6|e-*-^) . 



1 1 

M~bi 



(4.18) 
(4.19) 

(4.20) 



In [13] it has been shown that in the case where the Killing vector constructed from 
the Killing spinor is timelike, the Einstein equations follow from the Killing spinor 
equations, so all that remains to do at this point is to impose the Bianchi identity and 
the Maxwell equations. Using the spin connection (^4.6| ) and ([4.11|) in ([4.5|) , the gauge 
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potential and the field strength become 



- / if - 

A = t{dt + a){b-b) + -ei,d,{^ + dx' - jd\n{b/b) 

= i(^dt + a) Ad{b-b) + -jYU^dz A dx'eijdj{b + b) 



d.{b + b) + - 



4|6p 



e^'^'^^^^ijdx' A dx' . 



The Bianchi identity = dA yields 



"b "b bH bH bbi 



(4.21) 



(4.22) 



with A = didi denoting the flat space Laplacian in two dimensions. As for the Maxwell 
equations, 

the only nontrivial information comes from the t-component, which gives 



4e2(<i.+0 



b^d'--b'd'---d- + -d- + - - 

'b ^b £ 'b^ £ 'b^bP W 



+ 62Ai -fe^Ai = 0, (4.23) 





where we used eqns. ( [4. 181) and (|4.19|) . 

Let us now show that the equations ( [4.22| ) and ( [4.23| ) are actually the same as the 
ones in [16]. If we set 



F = --^ 



2e*+^ 



(4.24) 



(|4.22|) yields exactly equation (2.3) of [16]. On the other hand, deriving ( |4.22| ) with 
respect to z and using ( [4.15| ), one obtains 



+ e^^ [^Ad^A - SBd^B + A^ - 3AB^ + d^A] = , 



(4.25) 



where A and B denote the real and imaginary part of F respectively. This can be used 
in (|]23D to get 

AB + e^^ [dlB + Wd,A + 3Ad,B - B^ + 3A^B] = , 

which, together with ( [4.25[ ), yields 

AF + e^* [F^ + 3Fd,F + = , (4.26) 

i. e. , equation (2.2) of [16]. For a complete identification of the present results with 
the ones in [16], one also has to set a = u. 
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In conclusion, the metric of the general 1/4-supersymmetric solution is given by 

1 



ds^ = -A\bWdt + + 4^ {dz^ + 4e'^*+«)rfw; dw) , 



(4.27) 



where b and are determined by the system ( [4.22| ), ( [4.23| ) and w = + ix^ = x + iy. 



The one-form a follows then from ( [4.18| ) and ( [4.19| ) , and the gauge field strength is given 
by ( [4.211 ). Note that ( [4. 23] ) represents also the integrability condition for ( [4.18| ), ( [4.191 ). 
As noted in [16], this system of equations is invariant under PSL(2, M) transformations^. 
If we define a new coordinate z' through the Mobius transformation 

.' = ^. (4.28) 

with a, 7 and 5 arbitrary real constants satisfying a6 — = 1, then the functions 
b{z',x^) and $(z',x*) defined by 

1= ^ ^ e^ = {jz'-a)\^, (4.29) 

b (7-2 — a) 7^ — a 

solve the system in the new coordinate system (z',x*), with the function ^(x*) left 
invariant and z seen as a function of z' . This symmetry allows to generate new BPS 
solutions from the known ones. Note however that it is only a symmetry of the equations 
for 1/4 supersymmetry, and if we apply it to solutions with additional Killing spinors, 
it will in general not preserve them, as we shall show explicitely in some examples. 

4.3 Half-supersymmetric backgrounds 

We now would like to investigate the possibility of adding a second Killing spinor. Since 
the first Killing spinor ei has stability subgroup 1, one cannot use Lorentz transforma- 
tions to bring the second spinor to a preferred form. Therefore we use the most general 
form 



62 = Col + CiCi + 0262 + C1261 A 62 . 



(4.30) 



The corresponding linear system simplifies significantly after inserting the results from 
61. These determine all the fluxes and the spin connection in terms of the functions b, 
C, and their derivatives. First it is convenient to introduce the new basis^ 



a 



6^2 

\ai2 / 



Co 

bci 

C12 



Co 



^It might be of interest to investigate the possible relation between this 'hidden symmetry' and the 
Ehlers group for solutions of four-dimensional vacuum gravity with a Killing vector. 
^Note that ei — (1, 0, 0, 0) in this basis. 
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in which the Kilhng spinor equations for 62 read 



{dA + MA)a = , 



(4.31) 



with the connection Ma given by 



/O 
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ln£ 
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Let us first of all consider the simpler possibility of a second Killing spinor of the 
form e2 = CqI + 0262- As discussed in section p?T| , both ei and e2 are invariant under 
the same U(l) symmetry, and hence this case constitutes the G = U(l) case with four 
supersymmetries. As can easily be seen from the above Killing spinor equations with 
ai ^ and 02 = 0:12 = 0, this restricts the derivatives of the coefficient b to be 



d^b 



V2 



d.b 



V2bb 



d,b = d-,b = 0. 



(4.32) 



Hence this corresponds to dzb = As will be discussed in section 5.1, this restric- 

tion uniquely leads to the half-supersymmetric anti-Nariai space-time. Hence AdS2 x 
is the only possibility for backgrounds with four \J{1)- invariant Killing spinors. 

In the more general case with 02 and 0:12 non-vanishing, i.e. with trivial stability 
subgroup, the Killing spinor equations do not so readily provide information about b 
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and one has to resort to their integrabihty conditions. The first integrabihty conditions 
for the linear system ( [4.31|) are 



N^^a = {d^M, - d,M^ + [M^, M,])a = 
where the matrices = E^Ma are given by 

1 



(4.33) 



Mt = v^(|6pM_ -M4 



M. 



V2\b\ 



2V2\b\^ 
= a^Mt + 



(M+ + \b\'M_) , 



V2\b\ 

and we introduced the complex coordinates w = x + iy, w = x — iy. For half- 
supersymmetric solutions, the six matrices N^^ must have rank two. (As at least 
one Killing spinor exists, namely ei = (1,0,0,0), we already know that the N^,^ can 
have at most rank three. Rank one is not possible, because 3/4 BPS solutions cannot 
exist [29]. Rank zero corresponds to the maximally supersymmetric case, which implies 
that the spacetime geometry is AdS4 [13].) Let us define 



N, 



with 



S 



/l o\ 
110 
10 
1 



T 



/l o\ 
10 
10 
11 



The similarity transformation S corresponds to adding the first line to the second one 
and 2 
finds 



and T adds the last column to the third one. This does not alter the rank of N^^. One 







wt 



2bdd,b + \db 
+2b {d,b+\)d\nb 

2bdd,b + \db 
+26 {d,b+Y)d\nb 

2|6|3e-*-«a(91n6 
2|6|3e*+«6-2 (29.6 +i) {d^b + \) 

2|6|3e-*-«9(91n6 
V" -2|6|3e*+«6-2 (29,6 +i) (9,6+ i) 







196 



-196 



-^e-*-« (926 + i9696\ 
-29($ + 096) 

-^e-*-« (9^6 + ^9696 
-29($ +096) 

2699,6 
+26 (9,6 + i) 9 In 6 

2699,6 - |96 
+26(9,6 + 1)9 In 6 / 
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wt 



( 2bdd,b -2|6|e-*-«591n6 



eb 



^ +26(9.6+1) a In 6 (29,6 + ^j +||e*+« (29.6 + f) (9.6 + i) 

2|6|6e-*-« (9^6+ i9696 g- 2699.6 + §96 

-29($ + 0'96) ^ +26(9.6+1)9 In 6 

2|6|6e-*-« (9^6 + 19696 2699.6 - 196 

-29($ + 0'96) +26 (9.6 +1) 9 In 6 / 

where d = d^, d = 8^,. The other four integrabihty conditions give no additional 
information, because the hues of the corresponding matrices are proportional to the 
lines of N^t and Nm^'^- 

As the upper right 3x3 determinant of N^t must vanish, we obtain 96 = or 

9. (e-2(*+«)696) 9 {e-^^^+^^bdb) - 9. (e-2(*+«)696) 9 {e-^^^+^db) = . (4.34) 

Let us assume that the expression in ( ^.34| ) does not vanish. One has then 96 = 
as well as 96 = 0^^. But then also ( 4.34| ) holds, which leads to a contradiction. Thus 
( |4.34| ) must be satisfied in any case. 

Note that the vanishing of the first column of N^^, implies that also the first column 
of T~^Nfj_uT is zero, and thus T~^N^i,T G a(3, C), hence the generalized holonomy in 
the case of one preserved complex supercharge is contained in the affine group A(3, C). 
This supports the classification scheme of [4]. Of course, depending on the particular 
solution, the generalized holonomy may also be a subgroup of A(3, C). 

4.4 Time-dependence of second Killing spinor 

In this section we will utilize the above Killing spinor equations to derive the time- 
dependence of the second Killing spinor. In addition, we will show that the Killing 
spinor equations can be completely solved when the second Killing spinor is time- 
independent. 

Let us first simplify the Killing spinor equations ( |4.31 ). In the following we set 
6 = re"^ and define ip = + ipi = r^cti, ip2 = re~^a2, ipu = re~'^ai2 and ip± = 



°In order to show this, one has to make use of eqns. and ( p^ ). 

""^^This follows from the vanishing of the 3x3 determinant that is obtained from N^jt by deleting 
the first column and the third line. 
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iIj2 ± ^12- First of all, use the integrability conditions ( [4.33|) , that can be rewritten as 
N^^T^^a = 0. Defining P = e~'^^bdb, the second component for /i = w, z/ = t gives 

^iP' + ^^dP = 0, (4.35) 

with ' = dz- Let us assume P' 7^ (the case P' = is considered in appendix and 
will lead to the same conclusions). If we define g(t, z,w,w) = —ip-fP', we get 

^_ = -gP', iJ,=gdP. 

The third component of the {w, t) integrability condition is of the form 

V'i/i+^296 + V^_/„ = 0, 

for some functions /i, /_ that depend on z,w,w but not on t. Using the above form 
of ipi and ip-, this becomes 

figdP + ij2db-f^gP' = 0. (4.36) 

Now, if (yf = 0, the latter equation implies ip2db = 0, and hence (since db due to 
P' 7^ 0) '?/'2 = 0. Furthermore, ipi = ip_ = in this case, so there exists no other Killing 
spinor. Thus, g ^ and we can write g = exp G. Dividing ( [i.3tj| ) by g and deriving 
with respect to t yields dt{ip2/g) = and hence 

It is then plain that dtipi = ipidtG, z = 1, 2, 12. The Killing spinor equations are of the 
form d^ipi = Ai^ijipj, for some time-independent matrices Ai^. Taking the derivative 
of this with respect to t, one gets d^dtG = 0, whence 

G = Got + G{z,w,w) , 

with Go E C constant. We have thus dti^i = Goipi and hence also dtai = Go«j- Fur- 
thermore, the time- dependence of Oq can be easily deduced from the Killing spinor 
equations: if Gq does not vanish it is of the same exponential form as the other com- 
ponents of the second Killing spinor, i.e. dtao = Goao, while if Go vanishes there can 
be a linear part in t, i.e. dtao = c for some constant c. Hence, in terms of the basis 
elements, the time-dependence of the second Killing spinor takes the form^^ 

Go = : e2 = Col + CiCi + 0262 + 01261 A 62 + ct(l + 662) , 

Go ^ : 62 = e^o*(col + CiCi + 0262 + 01261 A 62) , (4.37) 



^^We will loosely refer to Killing spinors with Go = as time- independent, despite the possible 
linear time-dependence, to distinguish from the Gq 7^ exponential time-dependence. 
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where cq, ci, C2, cu are time- independent functions of the spatial coordinates, and c is a 
constant. This was derived assuming P' does not vanish, but as we show in appendix 
C is in fact a completely general result. Hence, adding a second Killing spinor to 
ei = 1 + be2, the Killing spinor equations imply that €2 always has the above time- 
dependence. 

Plugging this time- dependence into the subsystem of the Killing spinor equations 
not containing ao one obtains in terms of ipi 



diJi - a^GoiJi = , (4.44) 

/6' 1 \ / db db \ 

" ( 6 + £6 ) " k-Go + y + y - 25V^ 1 ^2 = 0, (4.45) 

9V'i2 + (I + ^1 - (^-^0 + y + X - 2-9^) ^-12 = , (4.46) 



^ 96 (96\ , 2,A 

cTi^Go + y + y 1 ^1 + e 



96 



96 

5^2 - ( (^isGo + ^]i'2 



-4j 



12 



96 



dipi2 - —^2 - ( cTisGo + y ) 



96 \ 



-'12 



0,(4.47) 
0,(4.48) 
0.(4.49) 



For Go = 0, these equations simplify significantly, and allow for a complete solution. 
As is shown in appendix O, under the additional assumption ^_ 7^ 0, ^1 7^ 0, the metric 
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and the field strength for half-supersymmetric solutions with Gq = are given in terms 
of a single real function H depending only on the combination Z — w — w and satisfying 
the second order differential equation 



2 (l + e-^^) ii + H^ 



3a' 



o2H 



+ l-a2 



11 



(4.50) 



where a G M denotes an arbitrary constant and 7 = 0, 1. The new coordinate Z is 
defined hy Z = z for 7 = and Z = £ln (l + |) for 7 = 1. Furthermore, in the 
remainder of this section and in appendix |D|, a dot denotes a derivative with respect 
to Z — w — w. Given a solution of ( [4.50| ), one defines the functions P by 



X 



la 



Ve2^ + 1 - a2 



7 



2,, 2 



Note that x is imaginary and p is real, h and tl) are then given by 



,2(H+7Z/£) 



(4.51) 



where 



so that the metric reads 



tanyj 



iRx_ 



4pV^^/^(rft + a)^ + ^ 



1 fdZ' 



where the shift vector satisfies 



P 



da,T, — da,, 



4 



e^^dwdw 



) 



.1 -7^/<? ( p2HX_ 



Finally, the gauge field strength is given by ([4.21 



(4.52) 



Equation ( [4.50| ) is actually the Euler-Lagrange equation for the following standard 
action for the scalar H 



S 



d{Z — w — w) 



'-M{H)H' - V{H) 



where 



M{H) 



(e^^ + l)^ 



^2H 



+ l-a2) 



2^3/2 



V{H) 



^2H 



2P (e2H + 1 - a2) 



2^1/2 



(4.53) 



(4.54) 
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Thus it is possible to use the energy conservation law of that model in order to evaluate 
the "velocity" H in terms of H. Since dH = Hd {Z — w — w) one has 



(4.55) 



so that there must exist a constant E such that 



H 



M{H) 



[E - ViH)] = V2 



(e^^ + 1 - a2) 



o2H 



+ 1 



E + 



1/2 



(4.56) 

The key-point is to consider now, as a new coordinate, the function H in place of 
w + w^^ and to write down the full solution, say metric plus gauge field, in terms of H. 
Using w = X + iy, the general solution is given by 



ds' = -4p'e^^^/' [dt + e-^^/'aydy\ 



-,2H 



dZ' + e 



2H 



dZ 



dH 
H 



A = iH [-2^p\e^'/'dt + (l - e'^x') dy] - .^dlog £ , 



(4.57) 



where H is given in equation ( |4.56| ), the functions x p are defined in ( [4.51| ) and 
the shift vector reads 



2 p^ 

If 7 = 1, a simple example of this set of solutions can be obtained by setting a = 0, 



so 



H 



2\ i 



(4.58) 



As will be shown in section 5.1.2, this corresponds to the maximally supersymmetric 
AdS4 solution. More general 7 = 1 solutions will be two-parameter deformations 
thereof, the parameters being a and the energy E of the associated scalar system. 

Setting 7 = the potential V{H) vanishes and the parameter E can be fixed by 
a simple rescaling of the coordinates. Thus we are left with a one-parameter family 
of solutions. Since the metric does no more depend explicitly on Z, it is useful to 
replace the coordinate Z instead of x by H. Defining a new coordinate r such that 



13 



This is possible by simply requiring that H ^ 0. 
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= 16 (e^^ + 1 — a^) and a new parameter Q = |a, the complete solution reads 



£2 ~'~ ~p2 



dt 



2eQ 



n 2 



' £2 ^ r2 



^4 ^ 
2 



+ 



(^dr + -^da;^ + ^ (^^ + ^^^^ " (^^^ + ^^^) 



where 



dtH d?/-«-dlog = 

r r 4 6 



h{r-) 



(4.59) 



(4.60) 



The parameter Q can thus be interpreted as an electric charge. The Petrov type of the 
solution is D or simpler. If one sets Q = A/l the Petrov type is reduced to A^, so that 
there is a gravitational wave. 

In order to complete the classification of Go = solutions, we need to study 
separately the cases where either ipi or vanishes (it can easily be seen from ([4.39|) 
and (|4.40| ) that there is no solution if both vanish). As one can see by looking at 
equations (|4.38| ) and ( [4.41j ), the condition t/'i = leads to 6 = 6(2), which is studied in 
detail in section |5.1| . The other possibility, ip- = 0, is more involved, but as we show 
in appendix it boils down to three different cases, that can be completely solved: 
the AdS2 X anti-Nariai spacetime studied in section |5.1.1| , the imaginary b case 
solved in section [5.3|, and finally the half BPS solution coming from the gravitational 



Chern-Simons model, that we analyse in section p]5 



We would like to remark that the assumption Go = on the overall time-dependence 
of the second Killing spinor seems a reasonable choice since all known 1/2-supersymmetric 
solutions to be studied in the next section are contained in this class, or can be brought 
to this class by a general coordinate transformation. Hence we expect the Go = class 
to form an important subclass of all 1/2-supersymmetric solutions. 



5. Timelike half-supersymmetric examples 

The problem of finding all half BPS configurations in the timelike class involves the 
solution of the integrability conditions we obtained above. To obtain explicit examples 
of half BPS solutions, we shall restrict to some simple subclasses with particular b. 
This will determine the fraction of preserved supersymmetry for the solutions which 
are already known to be 1/4 supersymmetric, and will also lead to new solutions. 
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5.1 Static Killing spinors and b = b{z) 



The timelike vector field V, constructed as a bilinear of the Killing spinor, is static 
if the associated one-form V = dt + a satisfies the Frobenius condition V A dV = 0. 
Obviously, there can be static BPS solutions with V not being static itself, due to the 
choice of coordinates; we shall loosely refer the Killing spinors whose vector bilinear is 
static as static Killing spinors. The staticity condition, in turn, implies da = and 
puts strong constraints on the function b. Indeed, equation ( 4.18 ) implies that the 
phase (fi of b depends only on z. Then, ( [4.19|) gives the modulus r of 6 in terms of its 
phase, 

sin ip{z) 



l^'iz) 



(5.1) 



As a consequence, r and therefore the complete complex function b, depend on the 
single variable z. The full solution is therefore determined by the single real function 
(p, which has to satisfy the equations for supersymmetry (together with the conformal 
factor tp). 

However, since the equations can be exactly solved for arbitrary b{z), we will stick 
to this more general case and eventually comment on the static subcase. 
If b depends only on z, the equations of motion simplify to 



Im 



b^d^'--'-^d'- + l- 



0. 



-2? 



A{ = -e 



2* 



9. 



1 




1 n 


1 


I' 


4 


-lib' 


b 



3 

Jbb 



(5.2) 



(5.3) 



Here we have used the fact that defined in ( [4.15|) , depends only on the coordinate 
z. In principle there is also an integration constant K{w, w) with arbitrary dependence 
on the transverse coordinates, but since $ appears only in the combination $ + ^ in all 
the equations, we can always absorb the {w, w) dependence into the conformal factor 
^. Now the left hand side of equation ( [5.3| ) depends only on the coordinates w and w, 
while the right hand side depends only on z. This equation can be therefore satisfied 
only if both sides are equal to some constant k. The system of equations is then 



K 



1 1 
b^b 



0, 



+ 



Ibb 



I 



(5.4) 



(5.5) 



Note that the first one is the Liouville equation, whose solution describes the transverse 
two-dimensional manifold, which has therefore constant curvature k. 
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Equations (|5.2| ) and (|5.5|) can easily be solved [16]. Their solution is given by^^ 



i{2az + p) 



(5.6) 



with a, 7 G C. Then ^ solves the Liouville equation for a constant curvature two- 
manifold with scalar curvature^^ 

K = 8(a7 + a7) -4/3/3. (5.7) 

This solution generically belongs to the supersymmetric Reissner-Nordstrom-Taub- 
NUT-AdS4 family of spacetimes. The values a = and /?^ = 4a7 are special cases 
and will be treated separately in the following. Note that the coefficients a, j3 and 7 
are not three independent parameters, as they can be rescaled without changing the 
function h: the solutions depend only on their ratios. For example, if a 7^ 0, one can 
use (3 /a and 7/a as independent complex parameters of the family of solutions. 

The solutions with static Killing spinor form a subset of this family. For ( ^.6|) the 
staticity condition ( p.l| ) yields the condition a/3 — a[3 = 0. Recalling the expression for 
the NUT charge of these solutions, 

n 4 (^ - ^) . (5.8) 

this charge must vanish for non- vanishing a, as one could have guessed. On the other 
hand, for a = the solution is anti-Nariai, as we shall see below. We conclude that 
the most general supersymmetric configuration with static Killing vector constructed 
as a Killing spinor bilinear is either of the form ( |5.6| ) - i. e. in the fourth row of table 
1 of [34] - with vanishing NUT charge, or it is anti-Nariai spacetime. 

The supersymmetric static solutions discussed so far are generically 1/4-BPS. We 
want to see what further condition ensures the presence of an additional Killing spinor. 
Inserting the staticity ansatz b = b{z) into the integrability equations and requiring 
these matrices to be of rank smaller or equal to two, one finds the following condition 
(in particular this is obtained from the vanishing of the minor of the last row of Nyjt 
and the first two rows of Nu,t) 



1 1\ 1/1 1\^ 3 



' 6 ^ 6 / I \ h ' hi ' Ihh 



0, (5.9) 



^^With this definition, the constants a, j3 and 7 coincide with a, b and c of [16] respectively. 

-"^^This scalar curvature differs from the one given in [16] for the case in which all coefficients are 
real, k = Aaj — 0^ = k/4. The factor of 4 comes from the different definition of the conformal factor 
of the transverse metric, our ^ is related to the old 7 by ^ = 7 — In 2. 
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As an aside, note that we have only used the ansatz b = b{z) so far and not the 
staticity condition ( ^.l]) , i.e. the precise relation between r and ip. The static solutions 
are therefore in general still a subset of the solutions under consideration. 

Condition ( p.9| ) calls for the following three different cases, corresponding to the 
vanishing of its three factors. 

5.1.1 AdS2 X If space-time (a = 0) 

Requiring the first factor of (|5.9| ) to vanish leads to 6 = — | + ic with constant c, 
corresponding to a = in (|5.6|) . We can absorb the imaginary part of c by a shift of 
the coordinate z and henceforth will assume c G M. 

In this 4 and we have a hyperbolic transverse space. As a solution of 

( |5.4| ) we can take 

e«^^. (5.10) 

Moreover, e* = and o" = 0, therefore giving the metric 

This is the anti-Nariai AdS2 x solution, with the AdS2 factor written in Poincare 
coordinates for c = and in global coordinates for c 7^ 0. The coordinate transforma- 
tions between Poincare coordinates (tp,zp) (with c = 0) to global ones (tgi,Zgi) (with 
c 7^ 0) is given by 

1 



zp = —{zgi - ^z^i + &c'^cos{4ctgi/i)) 
4 + £2c2sin(4ct,,/£) 



(5.12) 



The electromagnetic field strength ( [4.21 ) in this case is given by 



J-" = —-—rdx A dy , (5.13) 

i.e. only lives on the hyperbolic part and is independent of the coordinates of the AdS 
part of space-time. 

This solution preserves precisely 1/2 of the supersymmetries, as was already shown 
in [35]. To obtain the form of the Killing spinors admitted by this metric we first 
observe that the integrability conditions impose ^2 = 0^12 = 0. Then the Killing spinor 
equations are easily solved, but one should treat separately the cases c = and c 7^ 0: 
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If c = 0, then 



X /2t 1 
«o = Ai + A2 1 — - ^ 



A2 
b 



(5.14) 



where Ai^2 £ C are integration constants. This yields the following Killing spinors, 
spanning a two-dimensional complex space, 



Ai + A2 



2t 1 
J^2b 



1 + 6 



Ai + A2 



2t 1 
7 ^ 26 



62 



(5.15) 



Note that Ai = 1, A2 = corresponds to the original Killing spinor. Also note 
that the constant Gq, corresponding to the time-dependence of the second Killing 
spinor with A2 7^ 0, is zero. The form of the scalar invariant corresponding to the 
general spinor e is 

'4t2 1 
7^ ~ 



IA1P + IA2 



2t - 
+ ^(AiA2 + AiA2) 



^ (A1A2-A1A2) . (5.16) 



Here the first term is real, while the second is imaginary. Note that the latter 
is in fact constant. Then the Killing vector V built from e will have a norm 
= — 4|6p, and will be timelike unless b vanishes. This is however not possible, 
because both the real and imaginary parts of b should vanish, but since Ai,2 do 
not depend on the coordinates, the real part cannot vanish. Therefore, every 
Killing spinor of this solution belongs to the timelike class. 



If c 7^ we have 
1 



[Ai-a2+(Ai+zA2)-e-^*^*/^ 



(Al+^A2)e-^^^*/^ (5.17) 



and the most general Killing spinor is parametrized by Ai,2 G C as follows 

e = ^(Ai - zA2)(l + 662) + ^(Ai + zA2)e-^^^*/^(l + 6*62) . (5.18) 

Note that the combination Ai — 1X2 corresponds to the first Killing spinor 1 + be2, 
while the orthogonal combination Ai + iA2 gives rise to the second Killing spinor 
proportional to 1 + 6*62. Any combination with A2 7^ has Gq = —4ic/i. 

In this case, the real part of the invariant b is given by 



Re(6) 



|Ai| 



2£c 



+ Vz^ + £2c2 COs(4ct/£)) + 



IA2 



2ic 



+ ^(AiA; + A2At) Vi^TTV sin(4ct/£)) 



{-z - Vz^ + i'^c^ cos(4ct/£)) + 

(5.19) 



while the imaginary part is identical to that of (|5.16| ). 
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It can easily be checked that the coordinate transformation ( p.l2| ) indeed relates the 



complex scalar b, which is composed of spinor bilinears, in ( ^.16|) and ( ^.19|) to each 
other. 

Let's now check how the isometrics of AdS2 act on the Killing spinors. It is useful 
to do this by embedding AdS2 with metric 

.,^._4(£!.c^),,= .-^ (5.20) 

into the three-dimensional flat space X" = {U, T, X) with metric 

ds"^ = -dU^ - dT^ + dX^ . (5.21) 
Then, AdS2 is obtained as the hyperboloid defined by 

-T^ + X^ = J, (5.22) 

and its isometry group SO (2,1) will act as the three-dimensional Lorentz group on the 
embedding coordinates X" (here a is a three-dimensional Lorentz index). 

If c = 0, the AdS2 metric ( |5.2CI| ) is in the Poincare form, and can be seen to be 
the induced metric on the hyperboloid by parameterizing it with the coordinates {t, z) 
given by 

^ = '-WTxy ^'-''^ 

Then, if one defines the 3d Lorentz vector 



one explicitly checks that the invariant b can be put in the form 



(5.24) 



b = XaA'' + -^/AJ^. (5.25) 

Now, the real and imaginary part of b are independently manifestly invariant under the 
AdS2 isometrics, as they should be (since they transform respectively as pseudoscalar 
and scalar under diffeomorphism^^). 

If c 7^ we have AdS2 in global coordinates, and the embedding is modified to 



^ /-^^ 9 4ct ^ i . Act z . 



^^Note that A doesn't depend on the sum of the phases of Xix, this is diffeomorphism invariant but 
transforms under U(l) gauge transformations. 
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The invariant ( |5.19|) takes again the manifestly invariant form (|5.25|) , as expected, and 
the isometries of AdS2 are reahzed hnearly on the KiUing spinors through their action 
on A''. 

This result may be useful to study in detail quotients of AdS2 and to see whether 
this operation breaks some supersymmetry. 

5.1.2 AdS4 space-time = 4^7) 

The following subcase corresponds to the vanishing of the second factor of the inte- 
grability condition (|5.9| ). The function b is then given hj b = — ^ + ^c, which can be 
obtained as the special case = 4a j from (|5.6| ). This corresponds to AdS4, the only 
maximally supersymmetric solution of the theory. Indeed the integrability condition 
matrices vanish in this case. 

Let's see in detail the form of the metric arising from different values of c. As in 
the previous case we can take the constant c to be real. If c = 0, the metric is static, 
0" = 0, ^ = and e^* = and we obtain anti-de Sitter in Poincare coordinates. 



-— {df - dx^ - dy"^) + —dz^ . 

On the other hand, for c 7^ 0, the metric appears in non-static coordinates, 

Idy ^2 



a 



=2? 



\b\\ 



which give 



ds' 



P 



dt 



idy_\' 



IQc^x"^ 



[dx^ + dy"^) 



+ 



(5.27) 



(5.28) 



+ 4c' 



-1 

,2 \ J 2 



dz' 



(5.29) 



The field strength ( [4.21| ) vanishes in this case. 

We shall now obtain the form of the Killing spinors for AdS4, and will do this in 
the simpler c = case. The solution of the Killing spinor equations yields 



Ai 
2i. 



-A 



2 , 



t i\ . w . wz . 1 , ^ 

^ + ;JA2 + -A3, «2 = -^A2 + -|l 

wz . 1 , _ 

«i2 = ^A2 + -|l 



zt\ z 

A3 + ^A4 , 



(5.30) 



where the coefficients Ai^...^4 span a four dimensional complex space, as expected in the 
case of maximal supersymmetry. In the form basis of the spinors e = CqI + CiCi + 02^2 + 



- 39 - 



Ci2ei A 62, we obtain 
Co = Ai - 



t t \ ^ w ^ 

+ - ) A2 + —A3 , C2 



Z Z j t zw 



w 

ci = ^Aa 



- + - A, + A,, c,, = -A.-- --- A3 + -A,. (5.31) 



The new Killing spinors corresponding to A2 and A4 both have^^ Go = 0. To study the 
action of the AdS4 isometrics it is useful to embed the hyperboloid in a five-dimensional 
flat space ([/, V, T, X, Y) with metric 



ds^ = -dU^ + dV^ - dT^ + dX^ + dY^ 



(5.32) 



Then, AdS4 is the hypersurface — f/^ + — + + = — £^/4 and its isometrics 
are realized as the SO(3,2) isometrics of the embedding space. The relation with the 
Poincare coordinates is 

t T X X V Y 



If we define the vectors 



U-V 



IA2I + IA3I — 



U-V 



z = 2{U -V). 



(5.33) 



|Aip + IA2P — lAal^ 



IA4 



A3A4 + A3A4 — A1A2 — A1A2 
A2A4 + A2A4 — A1A3 — A1A3 



X^ 



V 
T 
X 



(5.34) 



\i (A2A4 - A2A4 + A1A3 - A1A3) J 

where the index a = 1, . . . , 5 is an SO (3,2) index raised and lowered using the metric 
(|0^ ), then 

(5.35) 



A,A" = [A3A4 - A3A4 + A1A2 - Ai A2] ' > , 



and the invariant b for the Killing spinors reads 



b = c*C2 + cicts = XaA" + -VA„Ar 



(5.36) 



^^Note that this does not hold for A3, whose time-dependence is not of the form derived in section 
4.4. There is no contradiction however, since aU solutions in this class have P = and hence are 
treated separately in appendix C. It is interesting to find that nevertheless the time-dependence of 
many Killing spinors in this class have the canonical Go time-dependence. 
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This form of b is manifestly invariant under the AdS4 isometries, and shows that under 
A** transforms in the fundamental representation of SO(3,2) under these transforma- 
tions. Note that it has precisely the same form ( |5.25| ) as in the anti-Nariai case. Again, 



the explicit knowledge of the AdS4 isometry group action on the Killing spinors is 
important to study the supersymmetry of its quotients. 

5.1.3 The Reissner-Nordstrom-Taub-NUT-AdS4 family 

The last subcase corresponds to the vanishing of the third factor of the integrability 



condition (|5.9| ). Note that this is precisely the expression in square brackets of equation 
( |5.5|) and the condition reads simply k = 0. Then ^ is an harmonic function and the 
transverse space is flat. In particular, the solution ( p.6|) admits a second Killing spinor 
if 

= 2(a7 + a7) . (5.37) 

Since a 7^ we can define ( = lm{(3/a) and 6 = Im(7/Q;). Moreover, all equations 
are invariant under rigid translations in the z directions, since the coordinate z never 
appears explicitly in them. One can use this freedom to eliminate the real part of (3/ a 
by performing the redefinition z ^-^ z — |Re(/3/a). Hence this complete family of 1/2 
BPS solutions is determined by two real parameters ( and 5, 

1 z^ - iCz + \e - ^5 



i 2z-iC 

Then cr = —2({r/i)'^d'd and the resulting metric is 

ds' = 4 I dt - -ir'd^ 

£2 (^^2 + CJL 



(5.38) 



, - + ^[-' + ^-l)(^r' + r^d#), (5.39) 

where we used polar coordinates (r, d) in the (w, w) plane. The charges of the solution 
are 

M = -% = 4 (5.40) 

Essentially, the imaginary part of 7 gives the electric charge and the imaginary part of (3 
determines the NUT charge. Note that the quantization condition P = —{k£'^+An'^)/2i 
is also satisfied. In terms of the charges, the solution is given by 

l (z-m)V2n2 + z£g 

i 2{z-in) ■ ^ ^ 
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The subfamily of static half BPS configurations is obtained by imposing the static- 
ity condition ^ = or equivalently vanishing NUT charge. It is parameterized by 
the single parameter left, 5 e R and the solutions are restricted to have the following 
charges 

r 

M = 0, n = 0, P = 0, Q = — 



In terms of the charges, the solution is given by 



The metric and electromagnetic field strength for this solution read 

ds^^-(% + '^\ de + -r^^ + U^z^ dwdw , (5.43) 



and 

J^^ -^dtAdz. (5.44) 

Z'' 

This is simply the backreacted AdS4 filled with the electric field generated by an electric 
charge Q placed in its center C = 0. The solution has a singularity there. Note that this 
solution was already shown to be 1/2 supersymmetric in [36]. It was also shown there 
that the Killing spinors are preserved if one compactifies the transverse two-dimensional 
plane to a two-torus. 

Wc will now discuss the Killing spinors for these metrics. The integrability condi- 
tions impose 0:2 = and 

^' + 7-|;l«3= (b' + ])a^. (5.45) 



With these constraints, the Killing spinor equations simplify, and can be solved to give 

ckq — Xi + 2iC,wX'2. , «! = , (5.46) 

"-^^^g^. a.^„,-^V4?Te. (5.47) 

where Ai,2 G C parameterize the two dimensional space of Killing spinors. Then the 
most general Killing spinor for these metrics is 



e = (Ai + 2iCw\2) l-£X2xl 



z 



-iCz+^ - i5 



+b (Ai + 2<wA2) 62 ^ A2 ei A 62 . (5.48) 
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Again the second Killing spinor has Gq = time-dependence. Finally, the correspond- 
ing orbit of the Killing spinor is determined by the invariant 



b = 6|Ai|2 + (^i ^ ^^2z-iC ^ 4:Cbwwj lAsI^ + 2<6 (wAiAs - wAiAa) . (5.49) 

It is easy to show now that b is non vanishing for any choice of Ai,2: indeed if 6 = 0, we 
have ddb = 4(^^6|A2p = and either A2 = 0, which implies in turn Ai = 0, or = 0. In 
the latter case, it is very easy to see that 6 = iff e = 0. Therefore, all Killing spinors 
of this family of metrics belong to the timelike class, and the solution is purely timelike. 

Summary of the b = b{z) case: 

1. The only supersymmetric solutions with static Killing spinor (i.e. whose timelike 
Killing vector constructed as a Killing spinor bilinear is static) are AdS4, the 
anti-Nariai spacetime and the Reissner-Nordstrom-AdS4 solutions of the fourth 
row of table 1 of [34], i. e. solutions of the form (|5.6| ) with vanishing NUT charge. 

2. The only 1/2 BPS solutions with static Killing spinor are the anti-Nariai space- 
time and the solution ( |5.43| ) with field strength ( p.44| ). 



The most general half BPS solution with b = b{z) are the anti-Nariai spacetime 
and the solution (|5.39|) with charges ( ^.40| ) describing an electric charge in the 



center of AdS 



4- 



The natural way to continue this approach is to study half BPS solutions with b 
harmonic, and this will be the subject of the next paragraph. 

5.2 Harmonic b solutions 

The previous class of solutions can be generalized by requiring Ab = instead of 
b = b{z) [16]. This implies that Al/b = and hence ( [4.23| ) still simplifies in exactly 



the same way as in the b = b{z) case. Indeed, the solution is 

_ az' + (3z + ^ 
^~ ii2az + /3) ' ^^-^^^ 

where now a, (3 and 7 are no more constants but arbitrary functions of {w,w). It is 
then easy to show that the Ab = condition requires these functions to be harmonic 
and all (anti-)holomorphic, that is a, (3 and 7 all depending either only on w or only 
on w, and this is the most general solution with Ab = 0. The b = b{z) configurations 
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are particular cases of this larger class, and are obtained for a, (3 and 7 constant. Note 
that also the db = and db = subclasses fall into this family. 

Let's take for definiteness a, (3, 7 all anti-holomorphic, then b = b{z,w). The 
requirement that the integrability conditions allow for an extra Killing spinor, i.e. that 
they are of rank < 2, in this case leads to several conditions. One of these is obtained 
from the minor of the last three lines of N^jt and reads 

2d,b + (^dj> + (^d^ + ^dbdb - 29($ + ^db^ db = 0. (5.51) 

This gives three different cases to be analysed, corresponding to the vanishing of the 
first three factors of this equation (vanishing of the fourth factor implies b = b{z) and 
hence brings one back to the previous section). 

5.2.1 Deformations of AdS2 x If 



The vanishing of the first factor in (|5.51| ) implies 6 = — | +ic{w), where c{w) is an arbi 



trary holomorphic function. These are the a{w) = supersymmetric Kundt solutions 
of Petrov type II, describing gravitational and electro-magnetic waves propagating on 
anti-Nariai space-time [16]. 

The remaining integrability conditions however imply ai = 02 = oiyi = 0, in which 
case there is no second Killing spinor, or dc = 0. Therefore there are no new half 
BPS solutions with non constant c. In this class c constant is the half supersymmetric 
anti-Nariai spacetime and the other preserve only 1/4 of the supersymmetries. 

5.2.2 Deformations of AdS4 

The vanishing of the second factor in (|5.51|) implies b = + ic{w). In this case we 
are considering the = 4a7 supersymmetric Kundt solutions, describing gravitational 
and electro- magnetic waves propagating on AdS4 spacetime [16]. 

Again the remaining integrability equations have to solutions: ai = 02 = au = or 
dc = 0. Hence, as in the previous case, we find that there are no harmonic deformations 
of AdS4 preserving half supersymmetry. 

5.2.3 Deformations of Reissner-Nordstr6m-Taub-NUT-AdS4 

Not considering the previous two special cases, the general solution represents expand- 
ing gravitational and electro-magnetic waves propagating on a Reissner-Nordstrom- 
Taub-NUT-AdS4 spacetime [16]. When Im(/5) = 0, the solution can be put in Robinson- 
Trautman form and is of Petrov type II. 



The vanishing of the third factor in ( |5.51|) is given by 



d'^b + ^dbdb - 2d{<^> + Odb = . (5.52) 
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With b given in ( ^.50| ) this case can be solved for the derivative of $ + ^ and imphes 



d{<^> + = ^ [d^ + ^dbdbj , (5.53) 

and therefore A($ + C) = 0- Then (|5.3|) fixes the transverse manifold to be fiat and 

fi:(w) = 8(07 + 07) -4/3/3 = 0. (5.54) 

But a,l3 and 7 being holomorphic, this last equation can be satisfied if and only if they 
are constant, and we are back to the previous case, i. e. there are no new 1/2 BPS 
solutions. 



Summary of the harmonic case: 

There are no new half BPS solutions in the harmonic b case. The only half BPS 
solutions are those with b = b{z), and as soon as one deforms these solutions by adding 
some harmonic (if , w)-dependence, one breaks supersymmetry further to 1/4. 

5.3 Imaginary b solutions 

Another subcase we want to study is 6 = —b, i. e. b purely imaginary. For notational 
convenience we introduce^^ 

b = iX, 

where X is real. From ( |4.15| ) one gets $ = 0. All quantities in the Bianchi iden- 
tity ( |4.22| ), apart from b and hence X, are then ^-independent. The only consistent 
possibility is to take dzX = 0. The remaining equations ( |4.22| ) and ( [4.23] ) read 

A{ = ^e^ Al-^e^«=0. (5.55) 

Examples of 1/4 supersymmetric solutions of this class, i.e. with imaginary b, that 
were discussed in [16] are X = {x/tj^ with a = —2 and « = |. These correspond to a 
particular Petrov type I solution and an electrovac AdS travelling wave of Petrov type 
N, respectively. It was shown that the latter actually preserves a second, null Killing 
spinor. In this section we will derive the general condition for 1/2 supersymmetry in the 
case of imaginary b and will find that there is a one-parameter family of such solutions. 

The condition for 1/2 supersymmetry is very simple in this case. Assuming that 
dX is not equal to zero, which would clearly be incompatible with ( p.55| ), there is 



18 



In the following we will assume that X is positive without loss of generality. 



only one differential constraint which needs to be satisfied for the existence of a second 
Killing spinor, i. e. for the matrices of integrability conditions to have rank 2, namely 



(9^X-i - 2didX-^ = . (5.56) 
The above three differential equations can be integrated to 

= -tKiw)dX-' , dX-' = ^Kiw) + , (5.57) 

where K{w) is an arbitrary holomorphic function and L is a real constant. The func- 
tion K{w) corresponds to the freedom to choose holomorphic coordinates on the two- 
dimensional space, and hence it can be gauged away. A convenient gauge choice will 
be K{w) = ii. Note that, for this choice, the imaginary part of the right hand side of 
the last equation vanishes, and therefore that dyX = 0. 
For L = 0, (|5.57|) can be integrated to give 

(5.58) 

which is (up to a rescaling of the coordinate x) the example given above with a = |- 
This was already found to be 1/2 supersymmetric in [16]. Here we find that this solution 
is a special case of the most general possibility. 

For other values of the constant L it is convenient to use X as a new coordinate 
instead of solving for X{x). From ( [4.18|) and ( |4.19| ) it follows that a can be chosen to 
be 

-=^- (5-59) 

Then the metric reads 

Finally, from ( [4.21|) we obtain the gauge field strength 

J^ = 2dtAdX. (5.61) 

Note that the geometry ( |5.6U ) is generically of Petrov type D, and becomes of Petrov 
type N for L = 0. 

Now let us turn our attention to the form of the second Killing spinor. First of all, 
the integrability conditions imply that it takes the form 



a 



(/3i,/?2,^X3e«/32,^X3e«/?2) 
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where /5i and f32 are arbitrary space-time dependent functions. The Kilhng spinor 
equations ( [4.31|) yield 

where Ai and A2 are integration constants. This imphes that the new Kilhng spinor 
takes the form e = Aiei + A2e2, where 



ei = 1 + ^X62, e2 = iX-2(i_^Xe2) + -yiX-4 + L(ei-^XeiAe2). (5.62) 

Note that Gq = as well in this class. 

One interesting aspect of the second Killing spinor €2 is the norm of its associated 
Killing vector = D(e2,r^e2). We find Vf^V^^ = — 4X^L^, hence the second Killing 
spinor is indeed null for the case L = 0, as was noticed before, while it is timelike 
for L 7^ 0. In the latter case, to understand whether the solution belongs also to the 
null class of supersymmetric solutions, we have therefore to study the most general 
linear combination of the two Killing spinors. The Killing vector V constructed from 
e = AiCi + A2e2 has norm 



V' = ^, (A1A2 - AiA2)^ - AX' (L|Aip + \X2\'Y , 

which can vanish only if L < 0. We have therefore three cases: 

1. L > 0, pure timelike class, Petrov type D. 

2. L = 0, belongs to both null and timelike classes, Petrov type N. This is the 
homogeneous half BPS pp-wave in AdS. (In the terminology of [16] it has a wave 
profile Qa with a = 0). 

3. L < 0, belongs to both null and timelike classes, Petrov type D. 



Actually the solutions ( |5.60|) with L > can be cast into a simpler form. This is 



done by trading the coordinate y for a new variable ip = Ly — t. For convenience, let 
us also introduce the Schwarzschild coordinate r and rescale z, 



I 1 

r = C, = -^^Lz. (5.63) 

In the new coordinates, the metric and the gauge field strength read 

ds' = - + ^) dt- + + ^ {d^^ + de) , ^ = A rfr , (5.64) 
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where we have defined qe = 2l/\fL. This is precisely the half BPS solution obtained 
in [36], the massless limit of an electrically charged toroidal black hole, which forms a 
naked singularity. It is also interesting to note that the charge Qe diverges in the L ^ 
limit. This limit is naively singular in these coordinates, but it can be taken if we 
perform a Penrose limit [37, 38] . The existence of this limit explains why we obtained 
a one-parameter family of geometries ( |5.6(J| ) connecting the massless limit of toroidal 



black holes and a pp-wave. Indeed, define the new coordinates X ,R,Z) and the 
rescaled charge Qe by 

^ + t = 2e^X+ , ij-t = 2X~ , r = ^, C = e^, Qe = — ■ (5.65) 

eix e 

Then, the singular limit e ^ yields is a regular solution of the theory and corresponds 
to the half supersymmetric solution ( [5.60| ) with L = 0, 



ds^ = ^(A dX+dX- - dX-^ + dR^ + dzA , ^ = ^ dX- A di? . (5.66) 

\ r J 

In the procedure, we have blown up the metric in the neighborhood of a geodesic with 
+ t constant near the boundary r — oo of AdS. 
We now turn to the L < case, which is both timelike and lightlike. Let us define 
L = — /i^. We can perform a coordinate transformation inspired from the previous one, 

tjj = Ly~t, r = --^, C = |^, (5.67) 

under which the metric and the field strength become 

-'kUt' + ^^-^ + -{-dij' + de) , J^=^^dtAdr, (5.68) 

/ £2 ^2 

where we have defined qe = 2i/ fi. We see that this is the precisely the metric for L > 
after the double analytic continuation 

t it , ip \^ iip , Qe ^ —i<ie ■ (5.69) 

This solution represents therefore a bubble of nothing in AdS [39-42]. Note that the 
metric is singular for r = \/Jq'e- One should compactify t, in such a way to eliminate 
the conical singularity on the (t, r) hypersurface. Then, if we compactify also C, this 
S*^ will have a minimal radius for r = \/Jq'e (the boundary of the bubble of nothing) 
and then grow with r. Note that for r — oo one locally recovers AdS spacetime, and 
that the L = solutions can again be understood as a Penrose limit of this metric. 
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5.4 Action of the PSL(2,M) group on the imaginary b solutions 



We can now generate new supersymmetric solutions by acting with the PSL(2, M) 
symmetry group ( [4.28|) -( ^l29D on the known ones. It is easy to check that the AdS4 
and AdS2 x IH^ solutions are invariant under this group (although it acts non trivially on 
the Killing spinors). Its action on the b = b{z) subfamily of the RNTN-AdS4 solutions 
was studied in [16], where it was shown that it acts non trivially on the charges, by 
mixing them. Here we want to apply it to the imaginary b solutions of the previous 
paragraph. 

The new solution solution of the supersymmetry equations ([4.22|) - ([4.23|) generated 
by the transformation ( 4.28| )- (|4.29|) is 



4 4 

72; 

4X4 



(1 + 4LA^) 



(5.70) 



where, without loss of generality, we eliminated a by means of a translation of z^^, and 
dropped the prime of the new coordinate z'. The shift function is then determined by 
solving equations ( |4.18D and ( [4. 191 ), 



0, 



1 + 4LX^ -fH^ 
+ 



A-f^X^z^ A2 
Then, defining the new coordinates (T, a, p, q) through 



(5.71) 



T = 

the metric reads 

Q{q) 



2^272 



g2 _|_ p2 



dT + 



with 

Q{q) 

and the gauge field ( [4. 211 ) is 



y 

a = - 
2 



P = -x 



q2 _|_ p2 



q = 2tYz 



2 , g^ + p^ 



Pip) 



dp" 



+j,{q'+p')P{p)da\ 



£2 



pq 



Pip) = ^ + "^Lf) 



2+p2) 



AdT + d 



A£Lp 

g2 _|_ p2 



A dcr. 



(5.72) 



(5.73) 
(5.74) 

(5.75) 



After this translation the hmit 7 ^ is not anymore well-defined. To perform it, one has to 
substitute preliminarily z with z — a/j everywhere. 
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The form of the metric suggests some connection with the Plebanski-Demianski family 
of solutions, and indeed these geometries are of Petrov type D for L 7^ 0, and of Petrov 
type N for L = 0, but we were not able to find the precise relation. Note also that 
the parameter 7 has been reabsorbed in the new variables, and we are left with a 
one-parameter (L) family of solutions. 

The left hand side of the necessary condition ( |4.34| ) for the existence of a second 
Killing spinor reads, for this solution, 

9iX^ (1 + ALX^) 2 



aT (5.76) 

which clearly vanishes only for 7 = 0, i.e. if the PSL(2,R) transformation is trivial. 
Therefore, the new solutions ( |5.73|) - ([5.75| ) preserves only 1/4 of the supersymmetries, 
and we explicitly see that the PSL(2,]R) transformations can break any additional 
super symmetry. Also note that if we perform the PSL(2,M) transformation adapting 
the original metric to a different Killing spinor, we could in principle end up with other 
supersymmetric solutions. 

Surprisingly, we find that the L = solution can be cast in the Lobatchevski wave 
form, even though it only has a time-like Killing spinor. This can be seen by trading 
the coordinates (g, p) for {x, z) defined by 

a; = — — -— , z = (5.77) 
2 yq"^ J qp 



in the metric (|5.73| ) with L = 0, which becomes 



ds' = -{ -2 dTda + ^! ^_^/^^dT' + dz^ + dx' ] . (5.78) 



2£Vx2 + z^x + Vx^ 



The field strength can be easily obtained from equation ( |5.75| ) but the result is not 
particularly enlightening and therefore we do not report it. This metric represents a 
1/4 BPS Lobatchevski wave, whose Killing spinor falls in the timelike class. This does 
not contradict the results obtained in the null case, since the null Lobatchevski had a 
field strength (|3.6| ) of the form = 0'(T)dT A dz, while this solution has a much more 
complicated gauge field. It is however interesting to note that the solutions of the null 
case do not exhaust all possible supersymmetric Lobatchevski waves. 

5.5 Gravitational Chern-Simons system and Go = = solutions 

A number of the previously studied subcases can be combined into the interesting 
Ansatz 

1 az'^ + pz + -f 

^ = ~io — T7i — n — (^-^^^ 

t laz + p — %r\[w^ w) 
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where a, [3 and 7 are three real constants. For a = /3 = this reduces to h imaginary, 
while ?7 = leads to the real subcase of 6 = h{z). With this assumption, the equations 
for a timelike Killing spinor reduce to 

+ ^e^^ (A; - 3r/) = , Ar^ + e^^ (fcr/ - rf) = 0, (5.80) 

where we have defined k = 4a7 — and A = Add. Interestingly, as shown in [16], 
this system of equations follows from the dimensionally reduced Chern-Simons action 
[43,44], 

S = j Sx^^g{^^^R7] + 7f) , (5.81) 

if we use the conformal gauge ^^^gijdx'^dx^ = e^^ {dx'^ + dy'^) and rj is the curl of a vector 
potential, ejj// = diAj — djA,,. To obtain equations (|5.80|) we vary the action with 

respect to Ai and ^. When varying the dimensionally reduced Chern-Simons action 
with respect to gij there is however an additional equation to (|5.8CI|) . 



Using the results of Grumiller and Kummer [48], one obtains the most general 
solution to the dimensionally reduced Chern-Simons system [16] 

= ^ - \r,^ + \ri\ (5.82) 

where L is an integration constant and dr/ = e^^dx. Trading the coordinate x for r/, we 
get the following configuration of the fields 



.4=l7^^|d« + <^l + jVds-/dlog!, (5.83) 



where P2{z) = olz^ + + 7, is defined as above and the shift function reads 



2 / p25\ 



2 V ' P, 



2 / 



These solutions preserve 1/4 of the original supersymmetry. In fact, the A; = solutions 
coincide with the imaginary h ones and their PSL(2, M) transforms of sections p.3| and 



374[ For k non-vanishing these are different solutions. 

As can be seen from the Poisson bracket ( |4.34|) , the only possibility to have 1/2 



supersymmetry is a = and hence A; < 0. In fact, starting from any solution with 
A: < 0, one can always obtain a = by an appropriate PSL(2, M) transformation. The 
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non-trivial part of the PSL(2,]R) symmetry is z ^-^ + whose action on the 



parameters a, /? and 7 of the Ansatz (|5.79|) is given by 

a a6'^ - f36 + 'y , (3 2a6 - f3 , 71-^0;, (5.85) 

which keeps k fixed. Indeed, for A; < 0, there is always a PSL(2, M) transformation that 
sets a = 0, while this is impossible for k > 0. 

The requirement a = leads to the half-supersymmetric imaginary b solution of 
section |5]^ for k = 0. In the case of k negative, when a = one can scale /5 to 1 in 
(|5.79|) without loss of generality, and 7 can be put to zero by a translation in z. Hence 



the function b is given by 

b = -]-^. (5.86) 

i 1 — IT] 

The metric is given in ( |D.32| ) and is generically of Petrov type D. The second Killing 
spinor can be found in (p.33|) . As shown in appendix 0, the Gq = = solutions 
are either the imaginary b ones, anti-Nariai spacetime or the above 1/2 supersymmetric 
solution with k = —1. 

We would like to mention that ( |5.82| ) is the most general solution to the dimen- 



sionally reduced Chern-Simons system, but not to the equations (|5.80|) . The reason for 
this is the additional constraint one obtains when varying (|5.81|) with respect to Qij. 



An example of this is provided by the Petrov type I solution with b = i{x/ €f section 
|5.3| and its PSL(2,M) transform given in eq. (2.44) of [16]. 



6. Final remarks 

In this paper, we applied spinorial geometry techniques to classify all supersymmetric 
solutions of minimal M = 2 gauged supergravity in four dimensions. 

In the presence of null Killing spinors, the problem can be completely solved, 
and all 1/4- and 1/2-supersymmetric solutions have been written down explicitly. We 
showed that there are no 1/4-BPS backgrounds with U(l) xR^-invariant Killing spinors 
and those with M^-invariant Killing spinors have been derived in sections 3.1 and 3.2. 
The backgrounds in the latter section were previously unknown and are Petrov type 
II configurations describing gravitational waves propagating on a bubble of nothing 
in AdS4. In addition, it turned out that there are no 1/2-BPS backgrounds with M^- 
invariant Killing spinors and hence any additional Killing spinor is timelike. In section 
3.3 we gave the backgrounds with one null and one timelike Killing spinor. 

For a timelike Killing spinor we derived the conditions for the corresponding back- 
grounds in section 4.1 and 4.2. We worked out the first integrability conditions nec- 
essary for the existence of a second Killing spinor in section 4.3. We explicitly solved 
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these equations in a number of subcases in section 5, and thereby found several new 
solutions, like the bubbles of nothing in AdS4, already obtained in the null formalism, 
and their PSL(2, ]R)-transformed configurations. Furthermore, our results showed that 
the generalized holonomy in the case of one preserved complex supercharge is contained 
in A(3,C), supporting thus the classification scheme of [4]. 

In addition, the time-dependence of a second time-like Killing spinor was shown to 
be an overall exponential factor with coefficient Go in section 4.4. In the case Go = 
these equations have been solved in full generality, up to a second order ordinary 
differential equation. We expect this class to comprise a large number of interesting 
1/2-BPS solutions. Indeed, all the examples of section 5 either have vanishing Go or 
can be transformed to that case by a coordinate transformation. 

There are several interesting points that remain to be understood. First of all, it 
would be desirable to get a deeper insight into the underlying geometric structure in 
the case of U(l) invariant spinors. In five dimensions, spacetime is a fibration over a 
four- dimensional Hyperkahler or Kahler base for ungauged and gauged supergravity 
respectively [8,12], whereas in four-dimensional ungauged supergravity one has a fi- 
bration over a three-dimensional fiat space [5]. This suggests that the base for D = 4 
gauged supergravity might be an odd- dimensional analogue of a Kahler manifold, i. e. , 
a Sasaki manifold. From the equations ( |4.22| ) and (^4.23| ) this is not obvious. 

Secondly, in [16], a surprising relationship between the equations ([4.22|) , (|4.23| ) gov- 



erning 1/4 BPS solutions and the gravitational Chern-Simons theory [43] was found. 
Why such a relationship should exist is not clear at all, and deserves further investiga- 
tions. 

The third point concerns preons, which were conjectured in [45] to be elementary 
constituents of other BPS states. In type II and eleven-dimensional supergravity, it was 
shown that imposing 31 supersymmetries implies that the solution is locally maximally 
supersymmetric [27,30,46]. Similar results in four- and five- dimensional gauged super- 
gravity were obtained in [28,29]. This implies that preonic backgrounds are necessarily 
quotients of maximally supersymmetric solutions. While M-theory preons cannot arise 
by quotients [47], it remains to be seen if 3/4 supersymmetric solutions to A/" = 2, 
D = 4 or D = 5 gauged supergravities really do not exist. The only maximally super- 
symmetric backgrounds in these theories are AdS4 [13] and AdSs [12] respectively, so 
the putative preonic configurations must be quotients of AdS. 

Finally, it would be interesting to apply spinorial geometry techniques to classify 
all supersymmetric solutions of four- dimensional Af = 2 matter-coupled gauged super- 
gravity. Work in this direction is in progress [49]. 
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A. Spinors and forms 

In this appendix, we summarize the essential information needed to realize the spinors 
of Spin(3,l) in terms of forms. For more details, we refer to [50]. Let V = W^'^ be 
a real vector space equipped with the Lorentzian inner product (■,■). Introduce an 
orthonormal basis 61,62,63,60, where 60 is along the time direction, and consider the 
subspace U spanned by the first two basis vectors 61, 62. The space of Dirac spinors is 
Ac = A*{U (8)C), with basis 1, 61, 62, 612 = e\l\ei. The gamma matrices are represented 
on Ac as 

To?? = -62 A 77 + 62] ?7, FiTy = 61 A77 + eij7y, 

FsTy = 62 A7? + e2j7y, F3?7 = iei A77 - ieijjy, (A.l) 

where _^ 

V = -^Vh...heh A • • • A 6j, 

is a /c-form and ^ 

A ?7 = (j^ — iyj^'^^i--^k-i^ji A ... A 6j^._^ . 

One easily checks that this representation of the gamma matrices satisfies the Clifford 
algebra relations {F^, F^} = 2'r]ab- The parity matrix is defined by F5 = iFoFiF2F3, 
and one finds that the even forms 1, 612 have positive chirality, T^r] = rj, while the odd 
forms 61, 62 have negative chirality, T^r] = —1], so that Ac decomposes into two complex 
chiral Weyl representations A+ = A'=™"(;7 O C) and A" = A'"^'^{U O C). 
Let us define the auxiliary inner product 

22 2 
{J2a,e„J2f3jej)=J2a:P. (A.2) 
1=1 j=i 1=1 
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on [/ ® C, and then extend it to Ac. The Spin(3,l) invariant Dirac inner product is 
then given by 

D{'n,e) = {v^r^,e). (a.s) 

In many apphcations it is convenient to use a basis in which the gamma matrices act 
hke creation and annihilation operators, given by 

r+r^ = -L (r2 + To) r/ = v^eajr] , T^r; = (Fs - Tq) = v^es A , 

r.r/ = -L - iT^) r] = V2e,Ar], T,r] = ^{T^+ zlg) r] = V2e,\r]. (A.4) 

The Chfford algebra relations in this basis are {Ta,Tb} = ^tiab, where A,B,... = 
+,—,•,• and the nonvanishing components of the tangent space metric read r7+_ = 
77_+ = ?7,i = rji, = 1. The spinor 1 is a Clifford vacuum, F+l = Fjl = 0, and 
the representation Ac can be constructed by acting on 1 with the creation operators 
r+ = r_, r* = r,, so that any spinor can be written as 



2 I 



■^a^...a^:- 



^ai...afc-' 



a = +, 



k=0 



The action of the Gamma matrices and the Lorentz generators Tab is summarized in 
the table 





1 


ei 


62 


6i A 62 


r+ 










-V^6i 


r_ 


V2e2 


-\/2ei A 62 








r. 


V2ei 





^261 A 62 





r* 





V2 





V^62 


r+- 


1 


ei 


-62 


-6i A 62 


r*. 


1 


-ei 


62 


-61 A 62 


r+. 








-261 





r+* 











2 


r_. 


-2ei A 62 
















262 









Table 6: The action of the Gamma matrices and the Lorentz generators Tab on the different 
basis elements. 
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Note that Ta = ^/aT^, with 



/ 1 1 \ 



V2 



-10 10 
1 -i 
1 i 



e U(4) , 



so that the new tetrad is given by E"^ — {U*)^^E°- 



B. Spinor bilinears 

Given a KiUing spinor 

e = CqI + CiCi + 0262 + Ci2ei A 62 , 
one can construct the bihnears 



(B.l) 



/ = -iD{e, e) = -i (cqcI - C1C3 - CaCg + CiaC^) , 
g = -i-D(e, T^e) = Cq^ + C1C3 + C2C0 + C12C1 , 



2 [|6|2 

-2 [\c2\' + \cu\' + \b\mco\' + \c,\')] {dt + a) 
I 

+1^6'^ [(C2C1 - C0C12) d-u; + (C1C2 - C12C0) diD] , 



|2 I |2 

Co - Ci 



d^ 



B^D{e,T^T^e)dx'' = - 



i^(ic2r-ici2r) + icop-ici|2 



d^ 



-2 Oc2r-|ci2|'-|6|M|co|'-|ci|')] (dt + a) 
+ l^e'^ [(C2C1 + 000^2) dw + (C1C2 + C12C0) dw] , 



(B.2) 
(B.3) 



(B.4) 



(B.5) 



$ = :T-D(e, r^i.e) dx'' A dx'' = - (coC2 - C1C12 + C2C0 - C12C1) di A dz 

2e^ 26^^ 
— 1^ (c2ct2 + m'^cocl) dtAdw- — (ci2Co + 4|6|^ciCo) dt A dw 



+ 
+ 



(C0C2 - C1C12 + C2C0 - C12C1) (J^„ + ^j^C2Ci2 - ^'^OCt 

gV" gV" 

(cqC; - C1C12 + C2C0 - C12C1) (7^ + ^j^Ci2Co - ^CiCo 



d^; A dw 
dz A diZ) 
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2e^ 



di(7Adw. (B.6) 



Given the first Killing spinor of the form ei = 1 + be2 and the second Killing spinor 
€2 = CqI + CiCi + €262 + Ci2ei A 62, one can also construct mixed bilinears of the type 
D{ei, r...e2), which verify the same differential equations as the bilinears built from the 
original two Killing spinors: 

/ = -i(6co - C2) , g = bco + C2, (B.7) 

^" = ^(02 + bco) (dt + a) + ^ (C2 - bco) dz + ^^e^ [bci - cu) dw , (B.8) 

B = ^{c2- bco) (dt + a) + ^ (C2 + bco) dz + ^e'^ {be, + C12) dw . (B.9) 
C. The case P' = 



In section [4 .31 , we simplified the equations for the second Killing spinor under the 

assumption P' 7^ 0, where P = e~'^^bdb. Here we consider the case P' = 0. To this 
end, we need the following subset of the Killing spinor equations ( [4.31| ): 

a+^12 - re-'^d. In 6 ^1 - V2r^ (2- + i U12 = , (C.2) 

\ r ib J 

d_i:2 + -e-^d-.\nbij,-V2(2- + ^]^2 = 0, (C.3) 
r \ r lb J 

a-fe-y2(| + i)^.-V2(| + i)v-„ = 0, (C.4) 

re-*d. (\e'*i-2) " f T + 41 = • (C.5) 



/ \ b 



re 



-'"A(^e*fe)+^(| + i)>/-,=0. (C.6) 



If P' = 0, (^4.35|) implies ip_ = or dP = 0. Let us first assume the former, i. e. 
^2 = ■^12- From (|C.6| ) - (|C.5| ) one obtains then = or 
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If Tpi = 0, (|C.4| ) - (|C.3|) yields 1^2 = 0, and thus there exists no further Kilhng 
spinor. 

If ( p.7|) holds, one can use and (|C.4|) to show that d+ip2 = = 0, or 

equivalently dtip2 = "^2 = 0- Using this in ( |C.2| ) and ( |C.3D and deriving with 
respect to t, one gets dbdtipi = dbdtipi = 0. When dfipi 7^ 0, this means that 
db = db = 0, so b = b{z), which is a case analyzed in section |5.1|. If instead 



dfipi = 0, all the ipi are independent of t, and the Killing spinor equations reduce 
to the system (|;38D to (WM) with Go = 0. 



In the case dP = 0, consider the integrability condition 

^iQ' + ^^dQ = 0, (C.8) 

where Q = e~'^^bdb, following from the first line of Ny^f. As long as Q' 7^ 0, with the 
same reasoning as in section ^73| , one obtains the system (|4.38| ) to ( [4.49|) . If Q' = 0, 
(|C.8|) implies = or dQ = 0. The case ■?/'_ = was already considered above, so 
the only remaining case is P' = dP = Q' = dQ = 0. For P = Q = we get again 
b = b{z), so without loss of generahty we can assume P 7^ or Q 7^ 0. Suppose that 
Q = 0, P 7^ 0, so 6 = b{w,z). Take the logarithm of e~^'^bdb = P{w), derive with 
respect to z, use ( |4.15| ), and apply d. This leads to db = 0, which is a contradiction to 
the assumption P 7^ 0. In the same way one shows that P = 0, Q 7^ is not possible, 
so that both P and Q must be nonvanishing. Now use the third row of Nynt, which 
leads to Qip2 = and hence 1^2 = 0. Finally, the last row of Nu,t yields ip- = 0, i. e. , 
the case already considered above. 

Hence, the conclusion is that in the case P' = 0, the second Killing spinor either 
has Go time-dependence of the form ( ^.37| ), or leads to solutions with b = b{z). The 
latter are treated separately in section 5.1. As can be found there, all 1/2-BPS solutions 
with b = b{z) also have second Killing spinors with Go time- dependence of the form 
([4.37|). Hence this time-dependence is a completely general result^" for second Killing 



spinors in the time-like case. 



D. Half-supersymmetric solutions with Gq = 



From the difference of equations ( |4.39| ) — ( [4.43| ) and ( [4.48| ) — ( [4.49| ) one gets ip- = 'ip-iw). 
Furthermore, [( |44^ )-( ^^ +e~^'^( ^l47| )] and {^^A^) yield ipi = iJi{z). Assuming ^_ 7^ 



^°The only counterexample is the third Killing spinor of AdS4, see ( 5.3C ), but since this is maximally 
supersymmctric it does not contradict the result. 
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0, eqns. ([4.38|) and (|4.41| ) can be written in the form 



(D.l) 



where (3 = il^i/ip^. Deriving (|D.1| ) with respect to w gives 



3 



P 



+ dd 







d 



P 



+ dd 



0. 



Now use ( |D.1| ) in the difference between the first equation and the complex conjugate 
of the second one to get 



0. 



Observe that (5(5' - (5' (5 = (^i^; - f^^p^) (z), so that for - %l)[ipi ^ there 

must exist a real function B{z) and a generic function h{w,w) such that 

b = B{z)h{w, w) . 

Plugging this into ( p.l|) , we conclude that 



din 



0, 



so that the phase of the function h is fixed, h = hFt{w,w)e^'^° , with hji real. Using 
( |4.18| ), the constancy of the phase of b implies that the shift vector a does not depend 
on z. ( [4.19|) gives then 



or, usmg 



2 cos ipo 

3 eh 



+ B' = 0. 



R 



and thus 



B' 



2 cos (po 



-c. 



3 

where c denotes a real constant. Now we have to distinguish to cases: 

1. c 7^ 0: In this case b{z) = {Bq - ^^^z) e**^". Plugging this into the first of 
eqns. (p.l| ) one gets 

b 



0. 



which is solved by ipi = rjb where ?7 is a constant. But this yields ipii^i = 0, 

which contradicts our assumption. 
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2. c = 0: In this case b{w,w) = ihR{w,w). The combination (|4.40| ) + ( [4.42| ) — ( ^7391) — 
( [4.43| ) leads to ip- =0, which again contradicts one of our assumptions. 

We thus conclude that ipiip'i —ip'^ipi = 0; and hence ipi = C(-2)e*^" where 6*0 is a constant 
and ({z) is a real function. Sending ipi e'^^'^ipi we can take ipi real and non-negative 
without loss of generality. Let us now consider the case where both ipi and are 
non- vanishing. This allows to introduce new coordinates Z, W, W such that 

dZ = ^dz, dW = ^, dW 



Note that one can set ?/'_ = ! using the residual gauge invariance w t— > W{w), ip i— > 
ip = ip — ^\n.{dW/dw) — |ln(diy/dw) leaving invariant the metric e^'^dwdw. We can 
thus take W = w m the following. Equations ( |4.38| ) and ( [4.41| ) are then equivalent to 

{dz + d)^ = Q, dz In V^i - (9^ + 9) Inr = . 

From the real part of the first equation we have 

if = ip{Z — w — w) . 

Using ipi = ipii^Z), the second equation implies 

idz + d)^ = 0, 

and hence 

r _ 
— = piZ — w — w) . 

The function h must thus have the form 

b{Z, w + w) = ipi{Z)B{Z — w — w) , 

where B(Z — w — w) = p{Z — w — ■u;)e*'^^^~'"~'"\ The difference between ( [1.45| ) and 
(lOel) yields 

(dz + d) (InV'i-V') = 0, 
so that Inipi — = —H{Z ~ w — w) with H real. This gives 

for the conformal factor. In terms of the new coordinate Z, ( [4.15| ) reads 
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Using the definition of H we get 



H + dzln^i + ^J^ + ^] =0, (D.2) 



2i\B B 

wliere a dot denotes a derivative witli respect to Z — w — w. We can tlius conclude tliat 
9^1n'?/'i = 7/£ for some constant 7, i. e. ,ipi{Z) = ipf^^ e'^^^^ . By shifting Z one can set 
i/jf^^ = 1. Calhng X = V^+ZV^-^ the only remaining nontrivial Killing spinor equations 
read 

9«-2(^-//)x + 2.0 + i(i-i)=O. 

8x + 2g-//)x-2,^-i(i--i)=0. 

5x + 2-x- 2145 = 0, 



Summing the first and the third equation yields x = x{Z — w — w), so that we are left 
with 

X-2(j-H^X + 2iv+](^-i^ 

-X + '2-X- 
l(l-i)..2(l.e-)/-. 

Adding ( fJ^) and ( [IX6D one gets 

which means that x is purely imaginary. From ( |D.2| ) and ( p.7| ) we obtain then the 
function B, 

± + l + H(l + x) = 0. (D.8) 



i) 


= 0, 


(D.3) 




= 0, 


(D.4) 




= 0, 


(D.5) 


+ ^ 


= 0. 


(D.6) 
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Using this, the remaining KiUing spinor equations reduce further to 

„2H\ X 



(1 + e^^) A 



X 



^ +2i^ = 



7 



(D.9) 
(D.IO) 

(D.ll) 



Note that ( p.9|) automatically implies the integrability condition for the system ( [4. 181) , 
(|4.19|) , which reduces to 



4^1 VP^ 



da,T, — da„ 



2^1 



2H X 



(D.12) 



Thus, also equation (|4.23| ) is satisfied, whereas ( |4.22| ) reads 
From (p.8|) we obtain the phase (p and the modulus p of B, 



(D.13) 



tan ip = i 



7 



2,, 2 



+ H] -H'x 



Plugging this into equation ( p.lO|) yields 

2HHx (1 - x') - H'x (1 + 3x') + ^X = 0- 
Using ( |D.13| ), this can be rewritten as 



2Hx 



Hx (1 - X') + (1 + e-^^) X 



0, 



so that either H = or Hx (1 ~ X^) + (l + e X = 0- It is straightforward to show 
that the first case leads to AdS4, whereas the second one implies 

,2 



(e- + 1) - 



X 



-a 



(D.14) 



where a is a real integration constant. Equations (p.9| ) and (|D.11| ) are then identically 
satisfied. Solving (|D.14| ) for x ^"^^ plugging into (|D.13| ) yields finally the ordinary 
differential equation (^4.501) , which determines half-supersymmetric solutions with Gq = 
0. Putting together all our results, we obtain ([4.52|) for the metric. Note that in the 
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case 7 7^ one can always set 7 = 1 by rescaling the coordinates. 
The second Kilhng spinor for these backgrounds is given by 



a 



X + 1 H X 

e — 

2p 



2p 



where 



27t 



+ aQ{Z,w,w) 



and do is a solution of the system 

1 



dzCiQ 



i 

27 



P • • , 7 

p-^^+2£. 



1 

V^ip2 



P 

-- + 1^ 
. P 



(D.15) 



P 



+ i0 



+ 



7Xe 



#ip2 



It is straightforward to verify that the integrability conditions for this system are al- 
ready implied by (|Dj), ( pAOD and (|Dl^ ). 

Consider now the case ■?/'_ = 0. From the difference of equations ( |4.38| ) and ( [4.41[ ) 
it follows that h' jh is real. Then (|4.38| ) and ( [4.44| ) imply that t/^ is a real function, 
depending only on 2;, = ipi^z). Moreover, since ipu = ^^2, the difference of equations 
(|4.45|) and ( |4.46|) imply that b' /b+ 1/ib is imaginary. 

The conditions b'/b real and b'/b+ 1/ib imaginary can be satisfied simultaneously 
in three different ways: 

• b'/b = hence b = b{w, w) is an imaginary function independent of z. This case 
is solved completely in section |5]3 . 

• b' /b + 1/ib = implies b = —z/i + c and corresponds to AdS2 x H^, analyzed in 
section |5.1.1| . It is also a subcase of the following, general case. 



if we are not in one of the previous special cases, the function b must take the 
form 

b=--- r, (D.16) 



i l-iY{w,w) ' 
where Y{w, w) is some real function to be determined. 

We thus have to solve just for the ansatz (|D.16| ). Equation ([4.38|) implies 4'[/4'i = b'/b 
than is solved hj ipi = z, where we have reabsorbed the integrability constant in the 
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scale of z. Equation ( [4.39|) (or equivalently (|4.43|) ) tells us that = 4'2{'w, u)), so that 
the remaining independent equations read 

dij2 + d [log (1 + Y^) + 2^] ^2 - = , 

9^2 + Slog (i + y2)v^2 = 0. 

The first equation allows us to define a function H{w,w) such that 

= ze"^""'^^ , (D.17) 
while the last one implies that there must exist a holomorphic function C{w) such that 

Thus we are left with 

e^^C{w) =idY , (D.19) 
d [e^^'Ciw)] = ze^^r (1 + Y^) . (D.20) 

This set of equations automatically implies the integrability condition for the system 
p:T^ ), (g]T|), which reduces to 

£2 dY 

d,a = z'-^, (D.21) 
2 2;^ 

da-da = ii^e^^Y (l + Y^)-. (D.22) 



Thus also ( |4.23| ), which reads 

ddY - e^^Y (1 + r^) = , (D.23) 

is satisfied and it turns out that also the Bianchi identity ( 4.22 ), namely 

dd2H - e^" (l + 3F^) = , (D.24) 

holds. We conclude that a solution to the system (p.l9|) , ( |D.2(]| ) describes a 1/2-BPS 
configuration of the "gravitational Chern-Simons" system discussed in [16]. If C{w) = 
then necessarily also F = so that we are left with AdS. If C{w) 7^ then we can 
define new variables W and W such that 

dw = C{w)d , dw = C{w)d , (D.25) 
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so that we have 



dw [e^'^CC] 



It 



2H 



CCY (1 + Y^) 



As what we did in the previous case, we can set C{w) = 1 using the residual gauge 
invariance w t— > W{w), ip ip = ip — ^\n{dW/dw) — ^\ia{dW /dw) leaving invariant 
the metric e^^dwdw. We can thus take W = w without loss of generality, and get 

= idY , (D.26) 
2dH = iY {1 + Y^) . 

( D.26| ) implies Y = Y[i{w — w)] and hence H = H[i{w — w)]. Denoting with a dot the 
derivative with respect to the combination i{w — w) we have 



^2H 



e- = Y, 

2H = Y (1 + . 

The equations for the shift form can now be integrated, giving 

f ■ 

o = — Yd (w + w) 
2z 

Plugging (|D:27| ) into (^]28|) leads to 

Y = YY{1 + Y^), 

which, integrated once, gives 

Y 



£4 2 4 ^ ' 



(D.27) 
(D.28) 



(D.29) 



(D.30) 



(D.31) 



where L is a real constant and k = —1^^. We can thus use y as a new coordinate, 
instead of i(w — w). Call X = w + w, so that the solution reads 



ds' 



i + y2 



dt + —PciY)dX 
2z 



1 + Y^ 



4 



dz^ + z"" { Pc{Y)dX'' + 



A^]z^dt + iY 



Pc{Y) 



1 + ^2 4 



dX + 



dY 



2 1 + y2 • 



dY^ 

(D.32) 



^^The link with the notation of [48], where C and k are the Casimirs of the Poisson sigma model 
equivalent to the dimensionally reduced gravitational Chern-Simons model in 2D, is given by 2C = 



£/£■ 



A 
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We can thus finally compute the second Killing spinor, with the result 



£2 = - 




2 zt 
ll-iY 



1 + iY 
1-iY 




PciY) 

i + r2 



e^Ae^ (D.33) 
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